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Introduction

Consider a braided F-vector space (V, 1), 7 € Aut(V ® V) satisfies the Yang—Baxter

equation
' =" =1 ®idy, 77 i=idy ®T.

The tensor algebra T(V) = @72, V®" is canonically a braided Hopf algebra with an
invertible antipode with all the elements of V being primitive

Au=u®l1+1®u, YueV
The Nichols algebra associated with (V, 7) is the quotient braided Hopf algebra
B(V)=T(V)/Iv

where Jy is the maximal Hopf ideal generated by primitive elements of degree > 2,
where elements of degree n are those of T"(V) := V&0,

We are interested in the cases when the Nichols algebra is finite-dimensional.



A braided Hopf algebra H is endowed with five structural morphisms:
ViH®H—-H, n:l—-H A:H—->H®H, e H-—>I, S:H—H

called, respectively, the product, unit, coproduct, counit and antipode.

= )\ (product), A = Y (coproduct), ﬁH,HZX (braiding)

:(I) (unit), € :? (counit), S :%] (antipode).

Axioms of a braided Hopf algebra:

/d\ - />\ (associativity), g\ )B (unitality),
\</ = \\P/(coassociativity), &K \R (counitality),



<> = <L = <> (invertibility),
T
%\/\% = X (compatibility).

The Yang—Baxter equation for the braiding

and



All morphlsms are braided linear maps and the following relations hold (and many
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The braiding By 1 can be expressed entirely in terms of the structural maps, via the
formula
Brn=(VRV)(S®(AV)® S)(A® A),

The following relation between the braiding and the antipode holds:

or in graphical form:

SV = VﬂH,H(S ® 5),

A&

or in graphical form



Exterior algebras with deformed Braided Hopf Structures

Let (V,7) be a braided vector space. The tensor algebra T(V) is a braided Hopf
algebra in which all the elements of V are primitive. The braiding

# = Brv),Tv): T(V)@ T(V) = T(V)® T(V)

is induced from 7 in the sense that #|ygy = 7, and it satisfies the compatibility
conditions with the unit n: F — T(V)

*n®id) =iden, #(iden) =n®id.

An immediate consequence of the fusion formula is the preservation of degree along
the strands of the induced braiding 7, in the sense that

Vm,n € Zxo: #(T™(V)@ T"(V)) = T"(V)® T™(V).



Let V be a F-vector space, and let B be a linearly ordered basis of V. Define the
Heaviside theta symbol
ea,b € {071}7 a,beB,

by setting 0, , =1 if a > b and 0, , = 0 otherwise.

For any scalar p # 0, we define a linearmap 7: V® V — V® V by

—a®a if a=b;
T(a®@b)=< —(1—plagb—b®a ifa>b;
—pb® a if a<b,

for all a, b € B. Since 7 is invertible and satisfies the quantum Yang—Baxter equation
over V, it qualifies as an R-matrix. Accordingly, (V,7) forms a braided F-vector
space.

When dim(V) = N, the braiding 7 corresponds to the R-matrix of the quantum group
Uq(sly) evaluated at the N-dimensional fundamental representation.



The R-matrix 7 defined above, has the eigenvalue —1 with the corresponding
eigenspaces spanned by

{a@b+b®ala<blu{a®alacB}

Any primitive element of degree two of the tensor algebra T(V) is an eigenvector of 7
corresponding to the eigenvalue —1:

Aw=wRl+1w = 71w=-—w, WET2(V)2V®V.
This follows from the formula for the coproduct of T(V) in degree two:
Vu,ve Vi Aw)=uw1l+1Quw+u®v+1(u®v).

The exterior algebra A V is a braided Hopf algebra where all the elements of V are
primitive and the braiding is induced by 7

/\V: T(V)/J2 =F(B | {ba= —ab|a,beB}U{a®|acB}).

We denote by Ap(V) the exterior algebra endowed with this braided Hopf algebra
structure, and by 7 its associated braiding. For any k € Zx, we write /\’;(V) for the
subspace of Ap(V) consisting of all the elements of degree k:



Set-theoretic bases in exterior algebras

We consider a linearly ordered basis B C V and identify with B the set of integers
{1,...,|B|}, which is equipped with the natural order.

Example: N =3
Basis of V is given by {f{1y, f{2}, f{3}} and

Ao(V) = {fp, frays oy, fiays fru2ys fusys flz,ey f,2,3 1

This is an 8-dim space and, for any N, dim(V) = N, dim(Ap(V)) = 2N,
For a set E, we denote the set of all subsets of E by

Pan(E) ={A|ACE, |Al < co}.
The set of all k-element subsets of E is denoted by
E
(k) = {ACE||A = k}.

For any two finite subsets A, B of a linearly ordered set, define the Heaviside

theta-symbol
Oa8 = Z Z 0a,b-

acAbeB



We will also write fg F,.. ¢ instead of ff @ fr @ --- @ f.

Theorem

Let B be a linearly ordered basis of a vector space V, where p € F_, a nonzero scalar,
and let {fg | E € Pan(B)} be the (canonical) basis of \ V given by words in the
alphabet B with strictly increasing order. Then, the braided Hopf algebra N,(V') has
the following structure maps:

the product

V(fe ® fr) =: fefr = 8|enF),0(—1)EF feur,  VE, F € Prn(B);

the coproduct

Afy = Z(_p)gA,E\A fa® feva,  VE € Pan(B);
ACE

the antipode
Sfe = vg|fe, VE € Pan(B),
where the integers O g € Z>q are defined above, and the signed Gaussian exponential
is
i = (<1)pHe D2,



Theorem

The action of the braiding 7 of Ap(V) correspond to the MOY diagrammatic identity

m n
n
m

\ min(m,n) n_k
F(m @ mn) = = Z Yk k
k=0

A similar formula has been derived by Murakami, Ohtsuki, and Yamada (MOY)
(1998) and Cautis, Kamnitzer, and Morrison (2014). Their proofs are much more
involved because they did not use a Hopf algebra structure with antipode.

Matrix elements are given by complicated combinatorial sums. Explicit calculations for
N = 2,3,4 show that there are many cancelations. The goal is to produce a much
nicer formula with factorised matrix elements.



Matrix coefficients of the braiding
For any finite subsets E and F of B, and any G and H such that

GCE\F, HCF\E,

we define
C:=ENF, E:=(E\F)\G, F:=(F\E)\H

and
E':=(E\G)UH, F :=(F\H)UG.

i 1Y

The braiding of Ap(V) can be decomposed into a sum

F= > 76 mfer=(0EFIY s crufee,  fer € Ap(V)P2
kEZ 2o

where the summation runs over the subsets G € (EEF) and H € (FEE). The
conditions on G and H imply the equalities

|E'l = |El, [|F'|=|F|



Matrix coefficients of the braiding

Theorem

For G € (EEF), H e (FEE), we have the following formula for the coefficient sg g.r 1

SE,G,F,H = BE,G;F,H>

which does not vanish for generic p if and only if

G
Oan>0ac6, VAE (1)
Coefficients Bg G.r 1 are given by

_1)0F,E+0F’,E’ pGGuC,E*’BIL—’E/

Be,c:FH = ( QG,H>»

agp= [] (pPar~0ac 1),
A<($)

where the product is over the subsets A of degree 1.



A two-parametric R-matrix from the Nichols algebra

Theorem

There is a two-parametric solution of the YBE p(p, t), t € F which corresponds the
MOY diagrammatic equation

i m+n—i L m-+n—1|
min(i,m)
=t(tp™P)aci D W K
m n k=0 n
m

We define the matrix coefficients of p as follows:
pfeF = (—1)IENNFI Z re,G;F,HTF £
where the summation runs over G C E\ F and H C F \ E such that |H| > |G| and
E':=(E\G)UH, F :=(F\H)UG.
We have the following formula for the coefficients of the matrix p :
rE,GiF,H = t‘F/‘(tP‘E‘;P)|H|7\G\BE,G;F,H7

where B G;F,H is given on the previous slide.



Discussion

Conjecture

Let dim(V) = N. Then the invariant of long knots J,, associated with the R-matrix
p(p, t) is of the form
Jp = LGM(p, t)idp (v,

where LGWN)(p, t) is the Links—Gould invariant (1993) associated with a
2N_dimensional representation of the super quantum group Uq(gl(N|1)).

The calculations for a few examples of knots for the values N =2, 3, 4 and a
comparison with the results of De Wit (2001) are consistent with the Conjecture.

Future directions include:

» extend our computation of the R-matrix to derive the associated knot invariants
in specific examples, without fixing the dimension N, and study their behaviour
as functions of N;

» motivated by the V,, invariants, exploring deeper ties with the representation
theory of Uq(gl(N|1)) and constructing coloured versions of the Links—Gould
invariants.

These developments promise to deepen the algebraic and topological applications of
Nichols algebras.
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