0.78539816339744830962..
-1.460354508809586812..
2.612375348685488343...
1.0146780316041920546..

0.5746396071515195927..

Self-avoidance, Sidon and autoconvolutions

Adventures in numerology

and clumsy segways

Andrew Rechnitzer

80 years of Guttmannia, Unimelb 2025.


https://www.math.ubc.ca/~andrewr/
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Tony Guttmann

| (think I) first met Tony in 1993 — 618-231 = Vector Analysis

Late 1995/ early 1996 — summer project on 4d SAWSs and differential approximants
Got me to read newgrqd.f and tabul.f — fortran 66? or 777

| didn't succeed

Despite thisin 1997 | was accepted into PhD as Andrew-2

SAWs, SAPs, polyominoes, generating functions

Mathematics via computer-aided analysis, numerology and guessing
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Don't repeat a vertex

The importance of selt-avoidance

e Volume exclusion in polymer chains
e You can step on a vertex once, but not twice
e Easy todescribe but very hard to prove much
e Computer-aided counting & numerics have been key to our understanding
e Guttmannia — series analysis and extrapolation
Warning — clumsy segway ahead



Consider the sequence
1,2,4,8,13,21, 31,45, 66,81,97,123,148, . ..



Consider the sequence
1,2,4,8,13,21, 31,45, 66,81,97,123,148, . ..

visited pair-sums:

o 1:



Consider the sequence
1,2,4,8,13,21, 31,45, 66,81,97,123,148, . ..

visited pair-sums: 2

e 1:1+1=2



Consider the sequence
1,2,4,8,13,21, 31,45, 66,81,97,123,148, . ..

visited pair-sums: 2

e 1:1+1=2
can add 2 since its sums (1+2=3, 2+2=4) don't collide with any visited sum

o 2:

o 4.



Consider the sequence
1,2,4,8,13,21, 31,45, 66,81,97,123,148, . ..

visited pair-sums: 2 3,4
e 1:1+1=2
can add 2 since its sums (1+2=3, 2+2=4) don't collide with any visited sum
o 2:1+2=3,2+2=4
e 4.
e 8:

o 13:



Consider the sequence
1,2,4,8,13,21, 31,45, 66,81,97,123,148, . ..

visited pair-sums: 2 3,4

e 1:1+1=2
can add 2 since its sums (1+2=3, 2+2=4) don't collide with any visited sum

o 2:1+2=3,2+2=4

don't append 3 since 1+3=4 — already visited
o 4.
e 8:

e 13:



Consider the sequence
1,2,4,8,13,21, 31,45, 66,81,97,123,148, . ..

visited pair-sums: 2 3,4 5,6,8

e 1:1+1=2
can add 2 since its sums (1+2=3, 2+2=4) don't collide with any visited sum

o 2:1+2=3,2+2=4

don't append 3 since 1+3=4 — already visited
o 4:1+4=52+4=6,4+4=8
e 8:

e 13:



Consider the sequence
1,2,4,8,13,21, 31,45, 66,81,97,123,148, . ..

visited pair-sums: 2 3,4 5,6,8
e 1:1+1=2
can add 2 since its sums (1+2=3, 2+2=4) don't collide with any visited sum

o 2:1+2=3,2+2=4
don't append 3 since 1+3=4 — already visited

o 4. 1+4=562+4=6,4+4=8
don't append 5,6,7 since 1+5=6,2+6=8, 1+/=8

e 8:

e 13:



Consider the sequence
1,2,4,8,13,21, 31,45, 66,81,97,123,148, . ..

visited pair-sums: 2 3,4 5,6,8 9,10,12,16
e 1:1+1=2
can add 2 since its sums (1+2=3, 2+2=4) don't collide with any visited sum

o 2:1+2=3,2+2=4
don't append 3 since 1+3=4 — already visited

o 4. 1+4=562+4=6,4+4=8
don't append 5,6,7 since 1+5=6,2+6=8, 1+/=8

e 3:1+8=9,2+38=10,4+8=12,8+8=16

e 13:



Consider the sequence
1,2,4,8,13,21, 31,45, 66,81,97,123,148, . ..

visited pair-sums: 2 3,4 5,6,8 9,10,12,16
e 1:1+1=2
can add 2 since its sums (1+2=3, 2+2=4) don't collide with any visited sum
o 2:1+42=3,2+2=4
don't append 3 since 1+3=4 — already visited

o 4. 1+4=56 2+4=6,4+4=8
don't append 5,6,7 since 1+5=6,2+6=8, 1+/=8

e 8:1+8=9 2+8=10,4+8=12,8+8=16
don't append 2,10,11,12 since 1+9=10, 2+10=12, 1+11=12,4+12=16

e 13:



Consider the sequence
1,2,4,8,13,21, 31,45, 66,81,97,123,148, . ..

visited pair-sums: 2 3,4 5,6,8 9,10,12,16
e 1:1+1=2
can add 2 since its sums (1+2=3, 2+2=4) don't collide with any visited sum
o 2:1+42=3,2+2=4
don't append 3 since 1+3=4 — already visited

o 4. 1+4=562+4=6,4+4=8
don't append 5,6,7 since 1+5=6,2+6=8, 1+/=8

e 8:1+8=9 2+8=10,4+8=12,8+8=16
don't append 2,10,11,12 since 1+9=10, 2+10=12, 1+11=12,4+12=16

e 13:andsoon...



Consider the sequence
1,2,4,8,13,21, 31,45, 66,81,97,123,148, . ..

visited pair-sums: 2 3,4 5,6,8 9,10,12,16

e 1:1+1=2

can add 2 since its sums (1+2=3, 2+2=4) don't collide with any visited sum
o 2:1+2=3,2+2=4

don't append 3 since 1+3=4 — already visited

o 4. 1+4=56 2+4=6,4+4=8
don't append 5,6,7 since 1+5=6,2+6=8, 1+/=8

e 8:1+8=9 2+8=10,4+8=12,8+8=16
don't append 2,10,11,12 since 1+9=10, 2+10=12, 1+11=12,4+12=16

e 13:andsoon...

This is the Mian-Chowla sequence Mian Chowla (1944) and is a Sidon sequence.
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How dense can A C 7 be so that only trivial solutions in A to equation

a1 +as = ag + Qay

Such sets A are now called Sidon sets.
Erd6s & Turan (1941) proved that max{
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Sidon set

Don't repeat your sums

e Arosein Sidon (1932), in context of a Fourier series problem

How dense can A C 7 be so that only trivial solutions in A to equation
ai +as = as + ay — {ai1,a2} = {as, a4}

Such sets A are now called Sidon sets.
Erdds & Turan (1941) proved that max{|A|} = /n + O(n!/?).

Erdds (1995) offfered $500 bounty for (dis)proof max{|A|} = +/n + O(n¢).
Lots of number-theoretic fun to be had

Excellent literature review by O'Bryant (2004)


https://link.springer.com/article/10.1007/BF01455900
https://www.renyi.hu/~p_erdos/1941-01.pdf
https://mathematica-pannonica.ttk.pte.hu/articles/mp05-2/mp05-2-261-269.pdf
https://arxiv.org/pdf/math/0407117
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GGeneralised Sidon set

Don't repeat your sums too much

e Fix A C Z thendefine

A(h,k):‘{(al,...,ah)EAh‘al—l—---ah =k, a1 <--- Sah}|

e WhenVk, A(h, k) < g, wesay Aisa By(g)-set

e (Original) Sidon set — By (1)

e Canconsider variantwhereay, ..., ap not ordered — sometimes ambiguity in literature
o Define Ry, (g, n) as maxsizeof a By(g)-setin{1,2,...,n}

» Want to understand the behaviour of Ry (g, )
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(Generalised Sidon set

How many tuples? How many sums?

e Let Abeasubsetof{l,2,...,n}

e Then there are at most hn possible h-fold sums
A"

h!
* To be a By, (g)-set, no sum can be used more than g times

e Pigeon-stuffing givesus |A| < (ghn - h!)1/?
e Soexpect Ry, (g,n) ~ n'/"

e The set A gives ~ ordered h-tuples

e Open problem to compute the limit

Rh (gv n)

or(g) = lim sup

n—oo

nl/h

the limiting maximal density of a By, (g) set.
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What do we know about o, (g)

Erd6s & Turan (1941) gives o3(1) = 1
Lots of results for h > 3 — see review in O'Bryant (2004)
Concentrate on “classical” Sidon o3 (g)

Forg = 2,3, 4:

72 (g) < \/a (29—1)  a=1.75,1.74217,1.740463

Green (2001), Yu (2008), Habsieger & Plagne (2018)
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Lots of results for h > 3 — see review in O'Bryant (2004)
Concentrate on “classical” Sidon o3 (g)

Forg = 2,3, 4:

72 (g) < \/a (29—1)  a=1.75,1.74217,1.740463

Green (2001), Yu (2008), Habsieger & Plagne (2018)
Forg > 5:

o2(g) < \/b-g  b=3.1696,3.1377,3.125

Martin & O’'Bryant (2009), Matolcsi & Vinuesa (2010), Cloninger & Steinerberger (2017)
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What do we know about o, (g)

Erd6s & Turan (1941) gives o3(1) = 1
Lots of results for h > 3 — see review in O'Bryant (2004)
Concentrate on “classical” Sidon o3 (g)

Forg = 2,3, 4:

72 (g) < \/a (29—1)  a=1.75,1.74217,1.740463

Green (2001), Yu (2008), Habsieger & Plagne (2018)
Forg > 5:

o2(g) < \/b-g  b=3.1696,3.1377,3.125

Martin & O’'Bryant (2009), Matolcsi & Vinuesa (2010), Cloninger & Steinerberger (2017)
Key to these bounds are autoconvolutions


https://www.renyi.hu/~p_erdos/1941-01.pdf
https://arxiv.org/pdf/math/0407117
https://eudml.org/doc/278434
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https://arxiv.org/abs/0907.1379
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 One of Green's 100 open problems (2018-ish)
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 One of Green's 100 open problems (2018-ish)

Autoconvolution

o -

e Approximately — find a function that overlaps with itself as little as possible
e Eg: f(x) = %(1 — 4z?) gives uy =1
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Autoconvolution problem

Don't overlap too much

» Consider functionson (— %, ) with [ f =1

2
e Minimise the autoconvolution norm: 3 = inff_l1 (f_lﬁz f(t) - flx — t)dt) dx

 One of Green's 100 open problems (2018-ish)

Autoconvolution

e Approximately — find a function that overlaps with itself as little as possible
e Eg: f(x) = %(1 — 4z?) gives uy =1

e Eg: f(z) = 7T\/12——4:132 gives 5 = 0.574694862 . . .



https://people.maths.ox.ac.uk/greenbj/papers/open-problems.pdf

Autoconvolution and Sidon

Connect continuous and discrete worlds

e Connection was “in the air”, but made explicit by Martin & O'Bryant (2002)
e Bound Sidon density by autoconvolution norm

2g — 1
02(9) <\/ 5
o

White (2022) building on ideas from Green (2001)
e Before 2022:0.574575 < ,u% < 0.640733 by Martin & O'Bryant (2007) and Green (2001)
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Autoconvolution and Sidon
Connect continuous and discrete worlds

Connection was “in the air”, but made explicit by Martin & O'Bryant (2002)
Bound Sidon density by autoconvolution norm

2g — 1
02(9) <\/ 5
o

White (2022) building on ideas from Green (2001)
Before 2022:0.574575 < ,u% < 0.640733 by Martin & O'Bryant (2007) and Green (2001)

White used fourier transforms and quadratic programming to bound ,ug

| learned about this problem as an examiner of White's thesis


https://arxiv.org/abs/math/0210041
https://arxiv.org/abs/2210.16437
https://eudml.org/doc/278434
https://arxiv.org/abs/math/0410004
https://eudml.org/doc/278434
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Autoconvolution to quadratic program

Fourier and two families of functions

e We have f defined on (— %, %), from which we define Fon (—1, 1)

e These have related Fourier transforms f :

/\

e Parseval's identity gives
2 = 4/(F*F)2daz — 4/\F|4dk =8)» F(k)*
k

e Some careful Fourier games translates F — f giving

© ].6 odd L 00 ( " 4
Zf mzm 4k2

le

e By truncating sums White (2022) translated this to quadratically constrained linear program


https://arxiv.org/abs/2210.16437

Solution of program leads to bounds
e White computed near optimal f(k) for 0 < k < 30000, giving 4 digits

0.574635 < p2 < 0.574644

In thesis he lists first 20 coefficients.
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Solution of program leads to bounds
e White computed near optimal f(k) for 0 < k < 30000, giving 4 digits

0.574635 < p2 < 0.574644

In thesis he lists first 20 coefficients.
e Plot (—1)* f (k) — looks suspiciously smooth
e Butplot (—1)* f (k) against k~1/2

Fourier coefficients

e Strongly suggests Ansatz: (—1)kf(k) =

s



Anstanz, series acceleration, numerics

Let the numerology begin
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Let the numerology begin

A

e Form Ansatz (—1)* f (k) =
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e Careful computation of slowly converging double-sum over k, m



Anstanz, series acceleration, numerics

Let the numerology begin

A

e Form Ansatz (—1)* f (k)

2 1 ~a' | 16 ANVIR S Wy
Mz(a):§+zk2 | 7r4.2 0 ]¢ -Zm +Am

m>1

e Careful computation of slowly converging double-sum over k, m
e For fixed m, easy to compute A,,, via Euler-Maclaurin
e The MPMATH python library is excellent — arbitrary precision numerics


https://mpmath.org/
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Asymptotics of A,,,

e Series acceleration of outer sum improved by understanding of asymptotics of 4,,,
e Use Kummers transform to subtract off dominant asymptotics of summands

e Compute A,, to high precision via Euler-Maclaurin and MPMATH

e Guttmann: “itis easier to prove something when you know its true”

e Aquick plot of A,, vs m shows A,,, ~ m /2

e Ansatz 4,, = Zp cpm_p/2 ~~ system of linear equations for ¢,

e “Solve” the system for moderate m-values and observe

c1 = 0.78939816339 co = —0.730177254405 c3
cy = —0.365088627202 c5 = 0.0736310778185 cq

0.196349540849
—0.185729963837
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Asymptotics of A,,,

e Series acceleration of outer sum improved by understanding of asymptotics of 4,,,
e Use Kummers transform to subtract off dominant asymptotics of summands

e Compute A,, to high precision via Euler-Maclaurin and MPMATH

e Guttmann: “itis easier to prove something when you know its true”

e Aquick plot of A, vs m shows A,,, ~ m /2

e Ansatz 4,, = Zp cpm_p/2 ~~ system of linear equations for ¢,
e “Solve” the system for moderate m-values and observe and LLL
cp =m/4 co =((1/2)/2 c3 =7/16
er = C(1/2)/4 o5 =3m/128 ¢ = C(1/2)/8 +((—3/2)/2
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Asymptotics of A,,,

e Series acceleration of outer sum improved by understanding of asymptotics of 4,,,
e Use Kummers transform to subtract off dominant asymptotics of summands

e Compute A,, to high precision via Euler-Maclaurin and MPMATH

e Guttmann: “itis easier to prove something when you know its true”

e Aquick plot of A, vs m shows A,,, ~ m /2

e Ansatz 4,, = Zp cpm_p/2 ~~ system of linear equations for ¢,
e “Solve” the system for moderate m-values and observe and LLL
cp =m/4 co =((1/2)/2 c3 =7/16
er = C(1/2)/4 o5 =3m/128 ¢ = C(1/2)/8 +((—3/2)/2

e Use this to compute sums, and get

) 2  7at 16 0 5 A
Ha(a) = 5 + —— - - (—3.3099871a + 4.4489347a” — 2.088022a” + 0.97736a")
s

Quick 1-variable minimisation gives u3 < 0.57469. ..
e |1s1.000085 x best upper bound (used 30k variables)


https://en.wikipedia.org/wiki/Kummer%27s_transformation_of_series
https://en.wikipedia.org/wiki/Lenstra%E2%80%93Lenstra%E2%80%93Lov%C3%A1sz_lattice_basis_reduction_algorithm
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A better Ansatz

Form Ansatz (~1)* £ (k) = 4. 3°, % and compute Ay, = Y5,

Much series acceleration via Richardson, Shanks, Levin, etc
From this can compute ,ug (agp,ai,...,ayp)andits first derivatives

Minimse via BFGS iterative solver which avoids matrix inversion and Hessian
Finally, after much (not-entirely-rigorous) hackery arrive at

usy ~ 0.57463960715151959272725542758 .

Despite much numerology | have no idea what this is


https://dlmf.nist.gov/3.9
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A month in the lab can often save an hour in the library

"Westheimer's discovery”

| got stuck here for a while, but then | went back and read carefully

Last page of White (2022) briefly examines f, (z) = (
s (a) = 0.5746482 for o ~ 0.4942 and very close to best bounds

Minima

Really c

ose to f(x)

— 2
m/1—412

a+1/2
o

)(1 — 4z°)


https://arxiv.org/abs/2210.16437

A month in the lab can often save an hour in the library
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| got stuck here for a while, but then | went back and read carefully
Last page of White (2022) briefly examines f, (z) = (a+1/2) (1 — 4z2)®
Minimal p3 (a) =~ 0.5746482 for o ~ 0.4942 and very close to best bounds

Really close to f(z) = 77\/12—4362
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A month in the lab can often save an hour in the library

"Westheimer's discovery”

| got stuck here for a while, but then | went back and read carefully
Last page of White (2022) briefly examines f, (z) = (a+1/2) (1 — 4z2)®
Minimal p3 (a) =~ 0.5746482 for o ~ 0.4942 and very close to best bounds

Really close to f(z) = 77\/12—4362

Finally, after reading, arrived at a much easier Ansatz

zap (1/2) 1-422p ' Y, =1

4pp! k
TP k) = — 'J< ;7>

¢
F(k) = Zap-j(p;k)

0

e Andthen ps(ay,az...) =8> |F(k)|* — multivariate quartic subjectto 3" a, = 1


https://arxiv.org/abs/2210.16437
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Precomputation really helps

us5(@) =8 Z Qp, Gp, Gp, Qp, Z T (p1; k)T (p2; k)T (p3; k)T (pa; k)
k

D1,P2,P3,P4=0

(+4
4

e Levin-transforms and Flint c++ library ball-arithmetic help a lot

* Precompute ( ) sums of products of Bessel-J functions
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,u% Quartic polynomial with Besselly coefficients

Precompute ( A

(+4

Precomputation really helps

8 Z aplapzap3ap4 ; j(p17 k)j(p27 k)j(pgn k)j(p47 k)

D1,P2,P3,P4=0

) sums of products of Bessel-J functions

Levin-transforms and Flint c++ library ball-arithmetic help a lot

Now ‘just” high-dimensional quartic polynomial minisation via Newton-Raphson

A little work with Holder’s inequality gives bounds from both sides

py =

0.574639607151519592727255427527052971437026369373 . . .
...1566116308767489255216181789880(3)
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,u% Quartic polynomial with Besselly coefficients

Precomputation really helps

us5(@) =8 Z Qp, Gp, Gp, Qp, Z T (p1; k)T (p2; k)T (p3; k)T (pa; k)
k

D1,P2,P3,P4=0

(+4

Precompute ( A

) sums of products of Bessel-J functions

Levin-transforms and Flint c++ library ball-arithmetic help a lot

Now ‘just” high-dimensional quartic polynomial minisation via Newton-Raphson

A little work with Holder’s inequality gives bounds from both sides

0.574639607151519592727255427527052971437026369373 . . .

py =

Not quite rigorous yet, but soon.

...1566116308767489255216181789880(3)


https://flintlib.org/
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So what is the function
| have some ideas
 Nearly-optimal f(z) = \/1i—422 > Op (p—]i/2) (1 — 4x2)P

e The coefficients ag ~ 0.986,a; ~ 0.014and thenay ~ k~1(—8)7*
e Tony — Can we differential approximant this?

e Can we extend these methods to the more general autoconvolution problem

1 1/2 p 1/p
= ( [ ] sose-oa dw)

1|J-1/2

especially the p — oo limit



Thanks to Nathan, Nick and Tim
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