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rigour/simulation/scaling
scaling arguments

asymptotic matching: crossover scaling form is consistent with
fixed parameter scaling

polymers in mesoscopic pores
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SQUARE LATTICE SELF-AVOIDING WALKS (SAW)

A square lattice SAW
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A SERIES OF SAW PROBLEMS

(@) (b) (o) (d)

Figure: Example SAWs with increasing degree of confinement to a box of side
length L = 8. (a) Unconfined, (b) confined to the box (our model), (c) crossing
a square and (d) a Hamiltonian path crossing a square.
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SAW WITHOUT ANY RESTRICTION

¢ The problem we all know: Self-avoiding walks on the square
lattice of length n without further restriction.

® Let the number of them be denoted w(n)
¢ It is known that the growth constant exists (Hammersley 1957)

p= lim w(n)/"
n—oo

® with a best estimate of y most recently p = 2.63815853032790(3)
(Jacobsen, Scullard and Guttmann, 2016)

® Itis expected that
w(n) ~ Ap'n? 1

where v = 43/32.
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The ”size” of the SAW scales as
(R*(n)) ~ An*

In two-dimensions v is known exactly to be 3/4 for non-dense

polymers and this has been confirmed numerically to high precision
(Clisby 2010).

All measures of size should behave similarly: end-to-end distance,
radius of gyration and maximum span L(#), so

L(n) ~ Cn”
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SAW CROSSING A SQUARE I

® Now consider SAWs with end points fixed at two opposing
vertices of a square of side L bonds and all sites of the walk lie
within or on the boundary of the square

2L<n<L?>+42L

¢ This problem has a long history too: Whittington and Guttmann
1990, Madras 1995 and Bousquet-Mélou, Guttmann and Jensen
2005 and Knuth 1976 introduced a similar problem

® Recent extensions to links by Janse van Rensburg and Orlandini
2021
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SAW CROSSING A SQUARE LATTICE II
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SAW CROSSING A SQUARE III

Let the number of such SAW be s, . It has been proven ( Abbott and
Hanson 1978 and Whittington and Guttmann 1990) that the limit

)\5 = lim s

1/12
L— oo L

2 2
exists so that s; = )\é +ollH)

The best estimate of this growth constant (Bousquet-Mélou,
Guttmann and Jensen 2005) As = 1.744550(5)
The average number of steps N(L) is expected to scale as

N(L) ~ CL¥
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HAMILTONIAN WALKS I

SAW in a box Owczarek




Introduction Counting SAW Length fugacity SAW in a. box Scaling theory Monte Carlo results Conclusion
[e]e] 000000e 000 00000 00000 000000 o]

HAMILTONIAN WALKS II

Walks that visit every vertex of a finite patch of lattice are known as
Hamiltionian
Let the number of such walks be fi; and the limit

. 1/L?
i = nggo hL/
exists and has been estimated as yy = 1.472801(1) (Bousquet-Mélou,
Guttmann and Jensen 2005)

Note: Whether the walks start and finish at opposite corners is not
relevant.
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Length fugacity

Consider weighting the length by a fugacity e’ with —co < 8 < .

For SAW in the bulk consider the grand partition function

n
which converges for 8 < —log .
Note that

(n) = 610g8(;w(5)

is finite when Gy, is finite and diverges as a simple pole.

SAW in a box

Owczarek



Introduction Counting SAW Length fugacity SAW in a. box Scaling theory Monte Carlo results Conclusion
00 0000000 [e] Je) Q0000 00000 000000 (e}
SAW CROSSING A SQUARE WITH LENGTH FUGACITY

For walks that cross a square define the partition function

ZO@B) =3 su(m)ed

and we can define the free energy as the limit

1
S — s
! '(8) = nggo ﬁlogZ( (B
Note

£9(0) =log As
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Previous rigorous results and bounds on the free energies are
summarized as

fOB)=0, forp<—logu
log i + B < f(8) < log u + B,

for 5 > —log
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SELF-AVOIDING WALKS IN A BOX I

Our problem:

SAW in a box of side length L without restriction of their endpoints

zP(B) =3 cr(n)e™,

where c; (1) is the number of walks of length # that fit in the box and
¢’ is the fugacity of each step.
It is useful to also consider the number of walks ¢1 (1) that are unique

up to translation with the corresponding partition function ZéB) (8)

SAW in a box

Owczarek



Introduction Counting SAW Length fugacity SAW in a. box Scaling theory Monte Carlo results Conclusion
00 0000000 000 00000 00000 000000 o

SELF-AVOIDING WALKS IN A BOX II
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square as

We define the free energy in a similar way to walks that cross a

OB =)

1

. 1 (B)
Jim 77 log Z,7(8)
and similarly for f B)(3)

It can be easily seen that if the limit f®)(3) exists so does f®)(53)
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It can be proved using standard arguments that
P (B) :f(B)(ﬁ) =0 forf< —logu
and

log 1o+ B > fB(8) = fB(B) > £ (B) > log s + B

for § > —log p.
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Figure: The free energies of confined SAW models. We do not know that the
free energy for our model of confined SAW is strictly greater than that of
SAW that cross a square. The top and bottom dotted lines mark bounds
derived from unconstrained SAWs and Hamiltonian paths, respectively.
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SCALING QUANTITIES

We define the average density via a derivatve

8
o) = L0

=~
Standard critical scaling implies the existence of an exponent «
FOB) ~18 =B, B B,
and that
p(B) ~ 18— B, B B
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FINITE SIZE SCALING: DENSITY

For finite L

R
PL B 2
and finite size scaling suggests that

pu(8) ~ L9 (8= B L)
Scaling arguments imply

g=-1-a)/v
and that « = 1/2
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FINITE SIZE SCALING: DENSITY

Density Scaling Ansatz

For fixed values of 8 we have

A for 8 < .,
(n)(8) ~ { BLY3  for 8 = f3 ,
ClL?
with

for 8 > 3.

SAW in a box

A~ (B.—B) 'asB — B and C ~ (B. — B)? as B — B+
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The scaling ansatz for the partition function can be written as

2B~ (8- BIL")
with scaling argument implying that

p=2-n=n9/v
so that

" (B:) ~ BL*"
7 is predicted to have exact value 5/24 in two dimensions
(Nienhuis1982).
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Partition Function Scaling Ansatz

zP(8) ~ ¥/ ((6 - ) L¥°)
The fixed 3 scenario is

D(B)
ZéB) (B) ~ { EL%3/24

for 8 < B,
for 8 = 3.,
for 8 > . .

with

exp (B (B) [L2 +0 (L?)])

D~ (8. —B)*/*as B — B

SAW in a box

Dac

Owczarek




e EEEEEEEEEEEEEEEEEEE——
Introduction Counting SAW Length fugacity
[e]e]

SAW in a. box Scaling theory Monte Carlo results
0000000 000 ®00000

Conclusion
00000

[©]

00000

Figure: A sample SAW of length n = 24, considered to be confined in a
bounding box of side length L = 7. The possible next steps are shown with

arrows; the only restriction is that the step to the right is forbidden if the limit
for the simulation was chosen to be Liax = 7.
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Figure: Thermodynamic quantities for SAWs confined to a box of size L = 9.

Plots show (a) the free energy f1, (b) the density pr, (c) the logarithm of the
variance [*var(pr) , and (d) the average size r.
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Figure: (a) The critical density p.(5.) plotted against the expected scaling
L2/% and (b) the scaling function #(x) for confined SAWs.
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We fitted the data to our scaling form at 8 = (. assuming v = 3/4
yielding the critical exponent

a = 0.4996(8)
obtain the estimate

Then we considered the crossover exponent in the scaling variable so

v = 0.756(4)
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Figure: The critical exponent of the confined SAW partition function Zp (5.)
versus the upper bound of the range of L values used to fit the data, with
(top) and without (bottom) a correction-to-scaling term.
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exponent

We fitted the data to our scaling form at 3 = 3. yielding the critical

2 —-n=1785(3)
to be compared to the conjectured value of 43/24 = 1.7916
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Conclusion
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Introduce a model of polymers in mesoscopic pores

In context of unrestricted SAW and SAW crossing a square
Some rigorous bounds
Scaling theory

Monte Carlo confirmation

What is the value of \g? Is it the same as \g?
same?

Are the free energies for walks in a box and crossing a square the

SAW in a box
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