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2- Some examples (the z=3/2 obsession!)
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Spectrum of H

Critical system :

E0 = 0, Ei ≥ 0

GAP : Ei − E0 = Ei

1-D system with L sites

Texto

Ei ∼
1
Lz

Dynamical critical exponent: z
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particle vacancyparticle

Stochastic Processes

L sites:       ρ = density of particles

ASEP  on a ring

Rate 1

Rate u
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Current

Average # of particles crossing in dt

J = (1− u)ρ(1− ρ)

u = 1 z = 2

u != 1 z =
3
2

KPZ

Integrable, many problems anwered !!!
(Matrix models) Sasamoto, Spohn
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Nonlocal Models
Park, den Nijs 2007 p

1-p

Hops behind the closest particle

z=3/2

rate u

rate 1

PuahASEP (Borodin, Ferrari 2008)

z=3/2
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Integrable and J is a smooth function of            and      ρ u

Avalanches model (Priezzev et al 2001)

Extended ASEP exclusion model 
(Ferreira, Alcaraz  2000)

z=3/2

z=3/2

sexta-feira, 22 de novembro de 2013



NASEP

no more z=3/2 !!!

a)

b)

d)

u 1

u

1

2

c)
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Results
ρ =

1
2
, u = 1

z = 1 conformal invariance

J(L) = − 3L

4(L2 − 1)
(exact)

J(L)L→∞ = vs
c

L
, vs =

3
√

3
2

c universal constant

ρ =
1
2 u

0 1

gapped gapless (z<1)

J(L) = e−λL J ∼ 1
Lz

z decreases with u
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fitted region

J(L) = 1.129 !
0.990

 (L=32000)

 u= 0.75

ρ != 1
2

η =
1
2
− ρ u < 1

The current growth continuously  
                           J = Aηα with α ≈ 1

sexta-feira, 22 de novembro de 2013



0 0.1 0.2 0.3 0.4 0.5
!!

0

0.2

0.4

0.6

0.8

 |
J
(L

)|

 L=1000
 L=32000

y = 1.3106 * x^0.18858 (region r1  L=1000)

y = 1.3093 * x^0.18809 (region r1 L=32000)

 r1

 u=5

rpm-per-n18.fig  08/07/2013

0 2e-05 4e-05 6e-05 8e-05 0.0001 0.00012
!

0.18

0.2

0.22

0.24

0.26

 |
}J

(L
)|

L=256K
L=128K

y = 0.7047 * x^0.1058 (L=256K region r1)

y = 0.67832 * x^0.10143 (L=128K region r1)

r1

y = 0.77276 * x^0.11522 (L=256K region r2)
y = 0.76123 * x^0.11328 (L=128K region r2)

r2

y = 0.72153 * x^0.10799 (L=256K region r3)

y = 0.68163 * x^0.10169 (L=128K region r3)

 u=5 

rpm-per-n19.fig  09/07/2013

r3

ρ != 1
2

η =
1
2
− ρ u > 1

The current growth continuously                                                       
                           J = Aηα with α ≈ 0.10 (quite small)

α decreases with u
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Spectrum of H

Critical system :

E0 = 0, Ei ≥ 0

GAP : Ei − E0 = Ei

1-D system with L sites

Ei ∼
1
Lz

Dynamical critical exponent: z
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critical

1
0

z =1 conformal invariance

u

η

z=z(u)M

M

M

M

M

J ≈ A ηα, A = A(u), α = α(u)

Phase diagram

J = 0 (any η)

increases with u decreases with u
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Murromboo   
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Periodic Temperley-Lieb algebra

[ek, el] = 0 (|k − l| > 1)

ek±1ekek±1 = ek, e2
k = ek (k = 1, 2, . . . , L)

The algebra is infinite dimensional

L=3

A = e1e2e3, AN , for any N are independent words

H =
L∑

k=1

(1− ek)

ek+L = ek
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2L representations
a) Spin representation (Levi 1991)

ei = σ+
i σ−i+1 + σ−i σ+

i+1 −
1
4
σz

i σz
i+1 − i

√
3

4
(σz

i − σz
i+1) +

1
4

eL = σ+
L σ−1 eiφ + σ−L σ+

1 e−iφ − 1
4
σz

Lσz
1 − i

√
3

4
(σz

L − σz
1) +

1
4

H = −
L−1∑

i=1

[
σ+

i σ−i+1 + σ−i σ+
i+1 +

1
4
σz

i σz
i+1 −

3
4

]

−σ+
L σ−1 eiφ − σ−L σ+

1 e−iφ +
1
4
σz

Lσz
1 +

3
4
, (L even)

φ = −2π

3
Hamiltonian hermitian and conformal invariant
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b) Charge particle representation, connection with NASEP

+ - + + + - ... + (L sites)
[- +]  rate u

[+ +] + + - - - - neutral domain (rate 1)

[+ +] + + + + [+ -] + + + + no neutral domain rate v

 + + + - - [- -]  neutral domain (rate 1)

u = v = 1 2L

Temperley-Lieb representation

+         particle       --         vacancy

Obs.  u=1 half-filling NASEP    =  Temperley-Lieb
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