Quantum systems involving fourth Painlevé transcendent, rational
solutions and new ladder operators
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| will present a brief review of quantum systems related with
Painlevé transcendents. | will present results on a quantum system
involving the fourth Painlevé transcendent and how this
Hamiltonian is connected with supersymmetric quantum mechanics
and also superintegrability. | will explain how this system in the
reducible case contains families of systems related to Hermite
exceptionnal orthogonal polynomials. | will show how we can
construct new ladder operators in such case and how this is
important in regard of applications in context of superintegrable
systems and algebraic derivation of their energy spectrum.

o
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@ Painlevé transcendents, Painlevé transcendents in quantum
mechanics

@ Systems with fourth the Painlevé transcendent Py
- SUSYQM
— Superintegrability
— Rational solutions and generalized Hermite polynomials
@ 1l-step and 2-step extensions of Harmonic oscilaltor
— EOP X,,,standard operator with 1 singlet and new ladder
operators for 1-step with only infinite sequence
— EOP Xi,.m, standard operators with 2 singlet, new ladder
operators with doublet or infinite sequence
@ Application to superintegrable systems and systems with
fourth Painlevé transcendent and algebraic calculation of the
energy spectrum

@ Concluding remarks
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The Painlevé transcendents

)

The Painlevé transcendents arise in the study of ordinary
differential equations.

Painlevé found 50 equations whose only movable singularities
2

are poles. (‘27"2" = F(z,w, ‘(’T‘;’))

The most interesting of the fifty types are those which are

irreducible and serve to define new transcendents (Painlevé

transcendents )

The other 44 can be integrated in terms of classical functions
and transcendents or transformed into the remaining six
equations.

Only the first three were found by Painlevé. The last three
were subsequently added by Gambier and Fuchs.
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@ Gromak, Laine and Shimomura Painlevé differential equations
in the complex plane (2002)

PI(z) = 6P2(2) + 2
Py (z) = 2Py(z i —i—zP2( )+a
PL(z)? z aP z
P3(2)" = ;3((3) Bale)  aBEP 4 yPY(2) +
P42(Z)

P,(z) = Pi(z) T %P3(Z) + 4zP2(z) + 2(2? — a)P4(z)2-|- ng)

PE(2) = (s + A1) Pe(2)* — 2Ps(2) + (Pate) 1) (apiggfz);rb)
+CP52( z) + dP5(;ZEfjr,£zl)+1)

PY(z) -

Hmm + me T e Pe@’ — G+ 21+ mp=) P2
. PEPe(2) ) Po(z) ) 2z ele=D) . ()
1 T RGE T P17 T (o) —2R)

@ Statistical mechanics, quantum field theory, relativity,
symmetry reduction of various equations (Kdv, Boussineq,
Sine-Gordon, Kadomstev-Petviashvile, nonlinear Schrédinger).
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Painlevé transcendents in quantum mechanics

@ Dressing chains method : (Veselov and Shabat 1993 and
2001) : P4, Willox and Hietarinta (2003) : P3 , P4y and Ps

@ Higher symmetries : (Fushchych and Nikitin, 1997) : P; , P,
and Py

@ Superintegrability : Gravel and Winternitz (2004), Marquette
and Winternitz (2008), Marquette (2009,2010,2011),
Tremblay and Winternitz (2010) : Py, P>, P4, Ps and Ps .

@ Supersymmetric quantum mechanics : Cannata, loffe, Junker
and Nishnianidze (1999) : P,
Andrianov, Cannata, loffe and Nishnianidze (2000) : Py
Carballo, Fernandez, Negro and Nieto (2004) : Ps
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2D Superintegrable systems involving Painlevé

transcendents

Va(x,y) = h?(wiP1(w1x) + w3 P1(way))
Vi(x,y) = ay + hPwiP1(wix)

Ve(x,y) = bx + ay + (2hb)% P3(
Vd(x,y)zay+(2h2b2) (P((52

U“r

7)5x,0)
Sx,a) + P3((552)5x), )

Ve(x,y) = L (2 +y?)+ 8 P2(/2x, a, B)+2wv/whPa(/Zx, ., B)
+52 Pa(\/3x 0, B) + ﬁw(e @)

0. +8h2cos(9)W(sin?(%)) + 451 + hz)
)

Ve(r.0) = 5 (RW/(sir(3))~ 0

/ x(1—x) /2 P6(P6 y2_ 78 0k} _
W= 4Pe(Ps— 1)(P6 I%(x—1) ) (2(x—1)P6+2X(P6_1))(’D6 x)



Fourth Painleve transcendent systems

HL] = Li(Ho + hw), Hild = L3H, ]

@ [q order 1 and L, order 2 : SUSYQM Factorization,
interwining, ....
@ The solution is given in term of Py : reducible/irreducible

We can construct AT = LJ{LQ (with [Hy, AT] = hwAT).
e [a,al] = P(HE) 4+ ) — P(H)

@ The zero modes can be written (A@ZJ,E =0 and ATqﬁ(O) =0)
as (F1(Ps, le)efx Fa(Pa,Py)dx"y
@ E; are written in terms of o and 3

@ 1,2,3 infinite sequence of levels, singlet , doublet
° (AT, A) allow to construct superintegrable systems
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N dimensional Euclidean space

Marquette (2011)

w? i
v=yN SL(x?) + %2/3‘% + 2wivwihPy +52 m:-;)'(e" - aj) J
N 5 B 2 2
w? 4(Ps + €iP5)> — P2\ 5 h 1, bi—aifs
v=3 % i +—(ai—bj—ct+——F—
z,: 8 (Ps —1)2Ps )X'+Xi2(a 8" Ps )
(1+2C,'P5)
(14 )
Fw;(1 + 2(P5—1))

with

fw 1
'D4:P4( ﬁxiaaiaﬁi)v P5_P5(h /aalabMCH_S)

@ Do we have algebraic structures that explain the degenerate
energy spectrum ?
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Application superintegrability

A 2D system with separation of variables in Cartesian coordinates :

d? d?
S dx2 dy?
with ladder operators that satisfy PHA

[HXa aj(] = Axaj(’ [HX7 aX] = _Axax
axaj; = Q(Hx + )\X)a aiax = Q(Hx)
[Hy,a}T,] = /\yajn [Hy,a,] =—=Ayay

ayal, = S(H, + ), aja, = S(Hy)
® A and Ay, Q(x) and S(y) are polynomials
@ integrals of motion ( kini + kanp ) for mAc = mA, = A,
ni,ny € Z*

@ related recurrence approach Kalnins, Kress, Miller (2011,2012)



1
K = ﬁ(HX —H,), [-=afal™, I =al"al. J

@ the method allows to generate a polynomial algebra of order
kint + kony — 1

[K7 I:l:] ==+, [I—7/+] n1 nz(K+1 H) Fn1,n2(K’ H)v

F— HQ< + MK — (nl—i)/\x>ﬁ5<g’—)\K+1)\y>

Jj=1

@ a generalised deformed oscillator algebra (Daskaloyannis
(1991,2001))

o bt =1, b=1I_, N=K—uand &(H,u, N) = Fp, n(K,H)

@ Problem in the case of singlet and doublet ( not all spectrum
and degeneracies )
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1-step,2-step and fourth Painleve

@ Gromak (2002) : P4 has families of rational solutions ( related
to reducible case )

P4 has rational solution if and only if

a=m, B=2(142n-m)?
2 3
o= m, B:—§(1+6n—3m) ,m,n€Z
There are three families of rational solution of the form

wi(z,0q,01) = P1,n—1/Q1n

wo(z,a,82) = =22+ Pop_1/Qan

2
ws(z, a3, 33) = 37 + P3p_1/@3n

o
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Generalized Hermite polynomials

® P;,_1 Q] are polynomial of degree n

@ associated with a different set of o and 8

@ They can be rewritten in other form

o In the case of —2z and —1 hierarchies involve Hp,

® Hp, p are generalized Hermite polynomials of Noumi and
Yamada Hp.

@ also in the form of determinant 7, , = ¢ nHm.n

® Hp, , they satisfy the recurrence relation

2mMHumi1,0Hm—1,0 — HmnHim p + (Hi ) + 2mH2, ,

W|th H070 = Hl,O = HO,l = 1, H]_’]_ = 22
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® Hm(x) is a pseudo or twisted Hermite polynomial

((=1)"Hm(ix))
@ Clarkson (2003)

d H
. ooy 9 Hnnp1
Wm,n - W(Zv am,n’ Bm,n) - dZ(ln( Hmv” ))
d H
no_ s Bmn) = ——(In(=7"=
Wm,n - W(Z’ am7n’ mvn) o dz(ln( Hm7n ))

@ We can use formula on Wronskian from (Odake and Sasaki

(2013))
For m=1

H17,, X W(Hl, H2, ceey H,,) (0.8 7‘[,7
For m=2

H2’n XX W(H27 H37 ceey Hn+1) XX W(Hn7Hn+1)
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SUSYQM, 1-step, EOP

Marquette and Quesne(JMP 2013, JPA 2013)

2
HH) = — = + x2+2m+1=AfA
dx?

H/
——EZ+%—(ﬂ;—g£»+%w4:Am,

The interwining and factorisation relation of SUSYQM are
AHD) = HO A ATHE) = () At

H® —E=ATA, HO) - E= AAT E=—(2m+1)

The corresponding boud state energies are

E) =2(v+ m+1),

EC) —

vr=20,1,2,3,...
=2(v+m+1

J

v=—m—1.0,1,2,3,...
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@ The SUSYQM is constructed using seed solution (¢m(x))
P

Om(x) = Hm(x)e2, qo(x) = =2

@ The seed solution is nodeless on the real line if we take
m=0,2,4,6,..., its inverse ¢,}(x) is an acceptable physical
wavefunction of the superpartner potential

I(;) — Nz(/ )e’;_: ylgzznﬂ( ), v=-m-1,0,1,2,...

yém)(x) =1 yinZn-{—l(X) = _HmHV-‘rl - 2m/Hm—lHy

@ Hermite EOP y,(x) (with n=m+v +1)
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@ The supercharges relate the wavefunction and give the
isospectral property and relate ladder operators

@ The Hamiltonian has ladder operators of the form

b= AaAl, bt = AatAT J

A
1/1(+) —_— w(—)

V+1 B — I/+1

Af
AT
A
S )

At

@ We can also use the following diagram
@ we come back by the same path ( also for af )
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@ We can relate H) to H(=) by a chain of m first order
SUSYQM transformations with supercharges

& d n n d o n H! H
Ai=— + Wix), Al=-——+Wilx), Wi=x+_1-
dx (x), ! dx + Wilx), X+ Hio1  Hi
I_7 1727 7m
- d? 7 H;
H=——— 4 x2—2(—=L (=) 30 j=1,2,... 1
dX2 +x (%’__1 (Hi—l) ) ) ! )&y 7m+
@ We have

AT;AI = l/‘\lh A,Aj == I:I,'+]_ + 27 //AI'I:II' = (I:I'.‘i‘l + 2);4’
HE) = Hl +2m+ 4, H(-) = /:/m+1 +2m+ 2,
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AmAm_l...AlH(+) = (H(i) +2m + 2),A4m,A4m_1...,A41
HOAL AL A = AL AT AT (HO) 4 2m + 2)

o . N -
s 2 2 s Nl v om—2 2 o 4+ 2m

H) AmRoAr o) o

@ some of the intermediate H; are singular

@ The ladder operators for H(=) can be obtained by combining
2 types of supercharges

A A

¢ = Am AAAT, = AALAL Al ]

m
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HEO A ) ARy Lo o

The operator H) ¢ and cf satisfy a PHA of order m
[HO) = @2m+2)ct, [HD) ] = —(2m+2)c
[c, 1= QUH) +2m +2) — Q(H)),

QH)) = )H - —2m—2-2i)
@ action of the raising operator cf on @bl(,_)(x)

ctpl) Loyl i) ol v=0,1,2,....
c1/1,(f):O, v=—-m-—112 ..., m

o the PHA generated by H(-), ¢f, and ¢ has m+1
infinite-dimensional unirreps
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2-step systems and new ladder

o HW and H® related by second order supercharges Af and A
o reducible : AT = AT AR
with

At = —d/dx + W(x), A = d/dx + W (x),i = 1,2, ’

@ seed eigenfunctions ¢(1)(x) and ¢(®(x) as
WO(x) = —(¢(x)), i =12

o oM (x) = ¢1(x) and ¢@)(x) = A, (x) = W(61, ¢2) /61,
where W(¢1, $2)

o factorization energy £ = —2m; — 1 being less than the
ground-state of starting system

o with By = —2my — 1 and ¢o(x) = Gy (x) = Hmy(x)€¥/2
with my odd ( my > my )

lan Marquette Quantum systems involving P4, rational solutions and ladder



Hl

WO (x) = —x — =™ WO (x) = —x 4 2 _ 22
(x) Hon (x) o 2
The potentials
V(l)(x) =x>+m +my+ 1,
7_[// H/ 2
V(x)=x>-2 ml—( ml) +mp+mp—1,
(x) [Hml Ho 1+ mp
g// g/ 2
V(z)(x):x2—2 H—(”) + my + my — 3,
8u 8

The Wronskian therefore becomes (uth-degree polynomial)

8u(x) =W(Hmy, Hm,), p=m1+mp—1
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From SUSYQM, we directly get the energy spectra of H), H and
H®) in the form

Ey(l):2l/+m1+m2+2, V:Oalazv"'7
E,=2v+mi+my+2, v=-m —1,0,1,2,...,
E,SZ):2V—|—m1—|—m2+2, v=-my—1,-m —1012 ...

wavefunctions given by (n=v + u + 2)

_1,2
@Zh(?)( ) N(Z)e ( )y( )(X) V:_m2_17_m1_17071727"'7
8u

y,(,“)(x) is an nth-degree polynomial ( Xpm, m, )
Yo (x) = Hom,
sz)(X) Hmy.

y,(n’?er2+y+l( )= (my— m)HmHmyHys1+ ... Hy, v=20,1,2,...,
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d? g’ d 8u-2
L 9 o) @ op 082 (W)
|:dX2 (X + gﬂ> dx +2n + g# Yn (X) 9

g,u*2(x) = W(H;np%;ng)

@ The order of ¢1 and ¢» may be changed without affecting the
final results

o d1(x) = da(x), da(x) = d1(x), AD

\—/(1)(X) _ V(l)(x) =x2+m +mp+1,

_ ! e 2
V4 — 2 2 my m2
IS [Hmz ()

72 ) 2 & (&
vl = v =2 |- ()

+my+my — 1,

+ mi +my =3,

o
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@ factorizations can be summarized in the following
commutative diagram

@ H can be useful to construct ladder operators for H(2)

A

H(l)

A(]-) Aj

Fl
A1) l
H H(?)

@ Maybe we need introduce new path?

H1) AY H1) AY

ol i\I’
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o alternative ladder operators for H(® from possibility of going
from H to H (up to some additive constant) by a chain of
£ = my — my with supercharges

d

/\.I. Y ~ ] ~ 9 ~ ]

A= Z e Wik, A=+ W),

n A H

Wi(x) = x + mticl_ mti i=1,2,...,¢

Hm+i-1 Hmyti
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o as,A4,-I:I,-:(I:I,-+1+2)2\,- fori=1,2, ..., ¢

H=FHy +my+ my+2, H=FHy1+m+m+2,
Ap---AALH = (H+20)A - - - AA;,

HALAL - A} = ALAL - AN+ 20),
@ In diagrammatic form

f:ll i>l'l'\/2—|-2£>l',‘\/3,-i-4-£>‘--£>/:Ig+2€—2i>fl‘\/z_~_1—|-2€
H 2R F o

conbine (th-order SUSYQM from H to H + 2¢ with other going

from H®) to H or from H to H® (cH®) = (H® 4 2¢)c)

¢ = APATAL L AIAGT, = A, AA A, J
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@ In diagrammatic form

A AAr - A

H@ ATy Hayoo— A2 pj@) 4o

\

——

e

— <
e ———

The operators H®), ¢f and ¢ satisfy the commutation relations

[H?) M =2¢ct, [H®), ] = —2tc, [c,cf]= QHP+20)—Q(H!?),

4
Q(H®) = (H® —30) [T[(H® —2my — ¢ — 2i) | (H®) +¢)
i=1

@ a PHA of (¢ + 1)th order
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@ PHA of (my — my + 1)th order and zero modes of ¢ and T
can be obtained
@ one 2-dime unirreps spanned by doublet {1/J( 10 V1)

o / infinite-dimensional ones spanned by {1/1,+£J |j=0,1,2,...}
withi=0,1,..., /-1

C’(/}(2) =] C’(/}é2) =] C’(/}§-2) —_ ... = ngg mi— 1 = 0’
2m27m1+2

@ = (ma — my) <> v )
m—1 m]_! my—1°

@) 2m2_m1+2u!(v +2m; — my + 1)(V + mo + 1) 2)
C¢I/ = wy—l—ml +my
(V + my — m2)!

v=my—my,mp—m+1,....
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@ Ladder operators without singlet ou doublet can be found and
written in term of Wronskian

@ The action is the following

2 2 2
p® i =cp® =P == =@ =0,
2 2
= quz)fng) m—-1 Cwmg mi+1 — = = Cw£n2) = 05
. my +1 1/2
Cwéz) = (2 2+1(m2 -+ 1)|n121—n71> w(,zr)ruf]_?

2
Cwmg my X w( 2{71 1

Cdju O(wy—mg—l’
v=my+1,m+2,....
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o A family of 2D superintegrable systems H

@ We use method discuss earlier based on ladder operators

H = Hy + H,
2 " 7\ 2
HX:_%+X2—2 Z:-(Z:) +1|, meven,
d? 5

-

@ This family is a particvular case of the superintegrable systems
involving the fourth Painleve transcendent.

@ The integrals will be product of ladder operators and a
polynomial algebra can be constructed from PHA
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Integrals from standard ladder

@ One important properties of superintegrable systems is the
symmetry algebra that "explain” the degenerate energy
spectrum

@ Unirreps from deformed oscillator algebra realization of the
polynomial algebra

u |p |Energy E|Structure function ¢ Physical states
1l [N[2(p+1) [16x(p+1—x)(x+ m)(x+1+m)|jvy=0,1,2,...,
v, =0,1,2,...
2luz|0|2(p—m)|lbx(p+1—x)(x —1—m)(x—1) vy =—m—1
vy, =0

@ we obtain the ground state but not all the states
@ do not recover all degeneracies

E = E~+E, =2(v+vy+1), ve=-m-1,0,1,2,..., vr,=0,1,2,...
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Integrals from new ladder

The finite-dimensional unirreps

Ey =2[(m+1)p+1—K]
Ex=2[(m+1)(p+1)+/—k+1],

&y = 22Am ) (m 4 1)x ﬁ[(m +1)x—m—1-1]
m+1 =
x [TUm+1)(p+1—x)—m+j—k
j=1

&y =22 [(m+ Dx+ m+ 1+ N][I(m+ 1)x+ 1 -]
i=1
m+1

xH[(m+1)(P+1—x)+j—k]
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Direct approach

@ an analysis from the two solutions E; and E; allow to recover
the degeneracies and all the levels

E=E+E =2(vc+vy +1),
vy=-m-—1,012,..., v,=0,1,2,....

@ we found the number of unirreps per level, the corresponding
set of p values with their number of occurrences and the total
degeneracy

1 fN=-m-m+1,...,—1,
(En) = )
N+1 ifN=0,1,2,...

@ is the algebraic structure generated by integrals explains the
degenerate energy spectrum ?
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unirreps and energy spectrum

@ setting v, = (m+ 1)nc + a1, vy, = (m+ 1)n, + a2, with
ng,n, €N, ap € {-m—-1,1,2,...,m}, and
326{0,1,...,#]}

@ E can be rewritten as E = 2[(m+ 1)(nx + ny) + a1 + a» + 1].

@ E; and E, correspond to E with ny +n, = p €N,
aa=m+1—ke{0,1,...,m},and ag=—m—1or
31:/6{1,2,...,m}

® m = 2 : nine unirreps for each p € N, associated with the
energies 6p — 4, 6p — 2, 6p, 6p + 4, (6p + 6), (6p + 8)?, and
6p + 10

@ the sequence of energy levels with their degeneracy is
—4, -2, 0,22, 43, 6% 85 10°, ....
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unirreps and degeneracies

TABLE : p occurrences, number N of unirreps per level, total level

degeneracy (N = (m+ 1)\ + u)

A I p N (En)

-1 1,2,....m 0 1 1

0 0 0 1 1

0 1,2,....m 1 1 N+1
(s

1,2,... 0 A m+1 N+1
(A—-1)"

1,2,... 1,2,....m A+1 m+1 N+1
P
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Conclusion

@ New ladder are created using two differents SUSYQM path
@ Wronskian , Darboux-Crum and Krein-Adler equivalence,

@ new ladder for k-step extension of harmonic oscillator and
singular oscillator related to type Ill Laguerre EOP, P57

@ Moreover, we need also to create new integrals from ladder
operators with only infinite sequence (i.e. no multiplet)

@ We obtain all levels and degeneracies but for a given level the
degeneracies is given by taking into account union of unirreps

@ relations between integrals from (b, b') and (c, cf)?
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