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Tetrahedron Equation

The tetrahedron equation is a 3D generalization of the YBE equation
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Rabc Rade Rbdf Rcef = Rcef Rbdf Rade Rabc

Consider a 3D cubic lattice M x L x N with periodic BC. We label each vertex by a
triple (7,4, k).
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Solution of the TE

We consider a model where spin indices are assigned to the edges and can take any
positive integer values 0,1,2, ..., 0.

Such a solution based on the Fock representation of the g-oscillator algebra has been
proposed by (Bazhanov, Sergeev,2006).

We use a solution based on the dual Fock representation (see M, Bazhanov, Sergeev,
arXiv:1308.4773, J. Phys. A:46, 465206)
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It is easy to rewrite this formula in the form of a terminated hypergeometric series 2¢1.
For 0 < g < 1 all nonzero matrix elements of R are positive.

All R-matrices in the TE are the same ! How to construct a commutative family 77
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Dressed 3D R-matrix

Let us introduce a set of parameters (\;, j, ¢;j) associated with the spaces
]—',g') (Fock spaces) i=1,...,6.

R124 R135 Ro36 Rase = Rase R236R135R124

It is easy to show that for a solution Rj»3 of the TE given above we can
define a “dressed” R-matrix

N N N
Rio. — [F3 2 R M\ ()
w= (5 Rely) () o
/ N: N, N “N;_—N, —N
Ripz=c¢1'6?c3 Rissep ey e .

ki, ko k _ ka pki ko, k
Rnll,ng,ng(qb) - Tl g2¢g3¢42 Rnll,ng,ng‘

The “layer-layer” TM will commute for two different sets of fields ¢; and

-
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Commuting transfer-matrices
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The 2-layer case

n in the 3rd direction corresponds to the s/(n) algebra. We consider n = 2.

mo,1

field p  — Conservation laws

loo+li=ho+h1i=1h,
mo,o + mo1 = mgy o+ mpq =l

field A

The sum over ng from 0 to oo is the geometric progression with converges
provided |\| < g2(hith2),

This construction gives the Uy(s/(2)) R-matrix R(112)()) in the horizontal
field ¢ acting in the tensor product of representations with spins l;/2 and

/2.
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The higher-spin R-matrix

The matrix elements of the (/; + 1) x (k + 1) R-matrix are given by

B+(h—i)(h—i)—i2(2—i1)+2h+ 3 hb— 3 m(h,h)
(g% q2)f2(q2: a*)b—p

2 h—i )k+l 2k(jo—i1)—21(h —h—i+i2)

i—jp—m(h,h) 2 */1*/2 2
XA (\q m(ly,b)+1 E E : q '~ h—2k=21) gk(k+D)+I(I+1)
k=0 I=0

(@22, ®)(a ™5 0%) ik (cfz(’r’z’,cf(”’l"'1 ;)i 2 g?) gy
(4% 9?)k (g% %)

(h,h) 2ii—h 9
[ (k) ()‘) J&’ﬁ = Oitirjr+i2 @ nn

X

where
m(i,j) = min(/, j).
and i1,j1 :0,...,/1, I'Q,jg :0,...,/2.
This is the simplest formula for R:2)()\) we know. It satisfies the Yang-Baxter equation

W I bl bl I, W
R E RGP O)RE™ (1) = RE (R ()R (V)

Fusion procedure or spectral decomposition lead to more complicated formulas.

V. Mangazeev (ANU) On YBE for the 6-vertex model




Symmetries of the R-matrix

7)12R(/1,/2)()\)'p12 = R(lz’ll)()\) at ¢=1

R(/l,/z)()\ ) 12 _ R(Il,l2)()\;¢ 1)/1—117/2—12

i1,i2 h—it,h—i>*
Proof:
R /1,/2)()\)]Juz S +j2qi22+(lz—ig)(ll—jl)—jz(jz—i1)+212+%lllz—%m(ll,lz) %
1, 1 »J1
—2j1. 2\, (4—2(h—j1). ;2 .
gP T \e Rk (\2g=h k. 2 (q “,g ):22(61 2‘ ;l 19 )iy
(6% 0*)i(9% %) i,
—2s _—2ip _—2j (14+h—h+s)
2k 2(14+h—ii—i). 2 q »q , , 2 2
b (g0, U h=i=2); ), 4¢3( g2k, g?tii—) G20+h—i—p) 'q ,q>
J2S 9 )
sz:; q (1 _ )\2(712—11—25)(q27 q2(1—i1+j2+/1—’2); q2)5

It follows by applying a sequence of Sears’ transformations for terminated
balanced 4¢3 series.
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The main result

There is the explicit expression for the R-matrix which in not restricted to the
case of integer / and J, i.e. works for Verma modules. It is polynomial in A and
can be expressed in terms of continuous g-Hahn polynomials.

q, q2)

where c,-'j’j/()\) ia some simple product of g-Pochhammer symbols and 4¢5 is a
regularized hypergeometric function.

o o —2i. —2i" =2 _J—1 2 2+J—]

N oy g (94T AT, A g
(RO = dingirrcif” (V) ads ( g2 q2(,1+j’fi) q2’(1+infj)
) )

All symmetry properties are now a simple consequence of Sears’ transformations
for terminating balanced 4¢3 series.

PraREB (NP = RED(N) at ¢ =1

R(ll,/z)()\; ¢ a2 R(h,/z)()\; ¢*1)/1—J'1,/2—J'2

i1,yi2 h—i,h—ip"
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Consider 1 = 1 case. Then we get a 2 x 2 Lax operator in the h 4 1-dim representation.

_ h_; - —jp1 p— 1

L 6f2,j2¢ I[Aq 2 12] 6"2J2+1¢ l[ql2 jz]qu 2

[R(l,lz)()\) a2
n,12

1 2 Ly
01,0 [4”] 2 i@ [Ag 2 ] i+1j1+1

where [x] = x — x7 1.

Conjugating by o) we get the standard U,(s/(2)) L-operator L(1) in the field ¢

¢ uK?] ¢ qlF
L(p) = cRMDI (N)o ) =
¢lqlE ¢ [uK 7]
1/2

where 4 = Ag™/“ and

. 1 [ 1-h . [gh—I
Ky =q "y, Fy= ¢qTZ’J%W—17 Ev; = ¢’1q72“7[q[q] L
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Q-operator

o+ l1=ho+hi1=1

field ¢ =
/ /

Moo + Mo1 = Mmoo + my 1 — OO

Moo

e mo,0 = ni, mé,o = n, /070 = k1, /1’0 = ko are fixed,
field A

In the 3D picture we take the limit b — oo keeping ni and n, finite. Then the second
3D R-matrix degenerates into the product of g-Pochhammer symbols.

In this way we arrive to the local Baxter's Q-operator. The Q-operator of the spin / (the
trace is taken over the g-oscillator representation labeled by ni, ny, . ..)

D) = Tra [N - [Q]wn (V)
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Two Q-operators

Taking the limit /b — oo in our general expression for the R-matrix we
immediately derive the local @ — operator acting in the tensor product of
the spin / representation and g-oscillator representation
2 2
q9°,q )

(¢ yykam _
Qi (>‘)/<1,n1 = Okytm kot ky ko 2(1+n —k2)

P*m(qA) 2

The second Q-operator is obtained by applying the transformation

3k (ko —n1)+kony — k2 — k2 +1(ky+m —2ky. —2ky 21—
q ( ) 1 —ky+I( ) _ ( g g %R Ng
2

2/
(9% 4 a9

QU™ = 8ny sy m—ty QP (N 202

k1,m I—ky,ny

p—o1
One can derive the expression for Q(_I) valid for general /

1y vko, 2 Kidko K2-king—3kony+I(n1+ko)+ki —k kithky
O R e OOV b
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TQ-relation

For the case / =1 (spin = 1/2) this Q-operator reproduces the formula by Bazhanov,
Lukyanov and Zamolodchikov (1996).

1)

/ ko, I—ks,
QU™ = 8ny—tym—ty Q)2 aml,

¢71
Since
RU1:k) ()\ ¢)sz — R(’1,/2)()\.¢— )/1—11,/2—12

i, h—i,h—i

we have the following TQ-relations for the spin /:

TNV = (=) a7 1MV (aN) + (—0) ™ g 2 1M QL (M a),
Woronskian relation
!
6" Q)R (A7) — 7"QV (A1) QP (g %) = T INg""*1" W]
k=1
where

Wrg] = ()™
qMI+n(qM/—2n¢—M _ (Z)I\/’)7

where n is the sum over all M outgoing spins.
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Functional relations

There are two expressions for the transfer-matrices in terms of the Q-operators for
compact spins

90 = Q00 #) Q00 ) Y L Fudd )"

i+1 i—

= QY)Y (g T

where ‘
J
[Te* 2]
Fiu(A\) = (-1)"" _,-_kjl
H [)\flq/+k75]
k=0
or
T9(\) = ¢(i+1)MQg)( )Q(J ()\q :+21) _ ¢_(i+1)MQ(7j)( )Q+ ()\ _ﬂ)
' W[o] By (3)
where
'infl i
hi(A) = (=1 J] W 1d* 7]
k=0
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Non-compact case

The expression for the local @-matrix Qﬂr’)()\)

Qg)()\)ﬁi::i — 5k1+"1,k2+n2qk12+(k1_k2)(k2_"1)+/("1_kl)_(kl+k2)/2¢_2"1)\_(kl+k2)/2 %

(q72n2; qZ)kl (q2; q2)I )\2ql—l7 q—2k17 q—2k2 > o
(0% ) (6% P)ins ( g, e 99 )

ki,ke =0,...,1, | € Z>1.

When [ is non-integer, there is no pole and ki, ko =0,...,00.

Therefore, the action of this Q-operator can be generalized to non-compact spins and in

the limit / — 1,2, ... this action is non-singular and gives the correct

(I 4+ 1) x (I + 1)-dim irreducible block.

There is an alternative “saw” construction of the Q-operator. It is based on the

factorization property of the Uy(s/(2)) L-operator (Korepin, Tarasov).

The idea goes back to Bazhanov and Stroganov (1987) (XXZ, ¢" = 1). For the

non-compact case XXX case it has been done by Kuznetsov, Sklyanin; Derkachov

(1999). The deformed case was studied recently by Chicherin, Derkachov, et al (2011).

It works well for the non-compact case. However, in the compact spin limit the action of

the “saw”-like Q-operator becomes singular and it is not clear how to extract a

finite-dimensional block.
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Conclusions/prospects

@ We constructed the higher spin R-matrix for the XXZ chain which
works for both compact and non-compact representations.

@ This leads to explicit expressions for two Q-operators for any
representation with arbtrary spin /.

@ There is no analog of the g-oscillator and “field” for the elliptic case.
However, the “saw” type Q-operator can still be constructed.

@ Are there elliptic versions of the higher spin R-matrix and 3¢;
@-matrix representations ?
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