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Some History

» Quantum Inverse Scattering Method (QISM) for twisted periodic
boundary conditions [Faddeev, Kulish, Sklyanin, Takhtajan 1979].

» BCS model of superconductivity [Bardeen, Cooper and Schrieffer
1957].

> Solved for the rational case [Richardson 1963].

> Integrals of motion for the Richardson model [Cambiaggio et al. 1997].

» Eigenvalues for the Richardson model [Sierra 2000].

> Generalized to the trigonometric case using Gaudin's method [Amico
et al. 2001], [Dukelsky et al. 2001].

» Reformulated through the quasi-classical limit of QISM [Zhou et al.
2002], [von Delft and Poghossian 2002].

» Some extensions: [Ovchinnikov 2003], [Dunning and Links 2004],
[Ibafiez et al. 2009], [Skrypnyk 2009], [Dukelsky et al. 2010, 2011],
[Links and Marquette 2013].



Some History

» Boundary QISM (BQISM) for open-boundary conditions, for the
case of XXZ spin chain [Sklyanin 1988].

periodic boundary

<::> VS S S —

» What is the effect of the “boundary” for Richardson-Gaudin models?

Gaudin magnet with boundary [Hikami 1995].
Quasi-classical limit of the BQISM [Di Lorenzo et al. 2002].
Generalized Gaudin systems [Skrypnyk 2006, 2007, 2010].
Trigonometric Gaudin model [Cirilio Antdnio et al. 2013].
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Outline

In the quasi-classical limit (QC)

QcC trig. BQISM attenuated limit Qc trig. QISM

variable change

rational limit | | variable change rational limit

QC rat. BQ'SM attenuated limit QC rat. QlSM




R-matrix
R-matrix is an operator R(u) € End(V ® V) (V = C?, u € C)
satisfying the Yang-Baxter equation (YBE) in End(V @ V ® V):

| Ria(u — v)Ri3(u)Ros(v) = Ros(v)Rus(u)Ria(u — v)|
e Rational solution (n€C, P(u®v)=v®u, Yu,veV)

u+n 0 O 0
1 1 0 u n 0

R™ (u) = @1 +nP)=—
() +77(u® +nP) u-+n 0 n o u 0

0 0 0 u+n
e Trigonometric solution
sinh(u+n) 0 0 0
. 1 0 sinhu sinhp 0
trig _
R ) = sinh(u + 1) 0 sinhn  sinhu 0
0 0 0 sinh(u 4+ n)

. . ... sinh(vx : : :
Rational limit |im # =x: ‘Tngonometrlc — Ratlonal‘

v—0 14




QISM [Faddeev et al. 1979]
Monodromy matrix € End (V, ® V®£) (where V, = C? is the auxiliary
space, V&£ = V® V ®..® V is the quantum space, £ € N)

L times
T.(u) == (eo’” e2”> Roc(u—er).Rap(u—22)Ron(u— 1) = (é‘.% g%)

Transfer matrix t(u) := tro(T.(u)) = A(u) + D(u) € End(V®£):

[[t(u), t(v)] =0 Vu,v eC]

Then t(u) generates a set of mutually commuting operators {C;}:
t(u) = Z G,
Jj=—00

Take any function of {C;} as the Hamiltonian. Then {C;} are mutually
commuting integrals of motion.



Algebraic Bethe Ansatz

Start with a reference state Q € V®~:
B(u)Q2 =0, A(t)Q2 = a(uv)Q, D(u)Q = d(u)Q, C(u)Q2+#0.
Then (for the trigonometric R-matrix)
d(vy, ..., vy) = C(v1)...C(~vy)R2

is an eigenstate of t(u) with the eigenvalue

N sinh(u — vic + 1) I sinh(u — v — )
A = - —
(U, Vi, 7VN) a(U)kl:[l smh( Vk) +d( H s|nh(u— Vk) ’

if ® £ 0 and v's satisfy the Bethe Ansatz equations (BAE)

N .
a(vk) H sinh(vk — v; — 1) k=1, N

n sinh(vk — vi + 1)’

For the rational R-matrix: sinh(x) — x.
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Then (for the trigonometric R-matrix)
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Quasi-classical limit (QC)
0\ &£
Derive the expressions for a(u) and d(u) for Q = (1> :

gy Ty Sinh(u —¢e — 77/2) o sinh( U—€I+77/2)
a(u) =e H sinh(u — ¢/) H sinh(u — ¢/)

Then the BAE:

N
o2 H sinh(vx — e/ —1n/2) _ H sinh(vk — vi — 1)
sinh(vk — g1+ 1/2) o sinh(vk — v; + 1)’

Take first non-zero term as n — 0: |QISM —— =0 QC QISM
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Transform

e QC trig. QISM [Amico et al. 2001], [Dukelsky et al. 2001]

L N
2y + ZCOth(Vk - 5/) = QZCOth(Vk — V,')
=1 i£k

e QC rat. QISM [Richardson 1963]

2’y+z

N

ka_V,

ik

Vik — €1

QC trig. QISM () 2ielimt  oc rat. QISM (Q)

e Change of variables v; = Iny;, ¢, =1Inz in () gives

L 2 N

Yk 2yl%
(N=—L/24y-1)+ ) o= kg

= Yk T4 i Yk i




attenuated limit

IA variable change

Y ..
QC rat. BQISM — — — Atewated Imlt__ _ ¢ rat. QISM (Q)

rational limit ' ' variable change rational limit




Reflection equations [Cherednik 1984]

Start with the trigonometric R-matrix. In addition to the YBE we
require that it satisfies the reflection equations for some K* € End(V),
referred to as the reflection matrices:

{ Riz(u — v)K{ (1)Ru(u + v)K; (v) = Ky (v)Ria(u + v)K{ (u)Ror(u — v),
Rio(v — u) K (u)Ro1(u + v)K2+(v) = K;(V)ng(u + V)K1+(U)R21(V —u),

where R(u) = R(—u — 2n). Easy to check that

_,\_ (sinh(§” +u) 0
Ko(u) = ( 0 sinh(§~ — u)) ’
_ (sinh(§T +u+n) 0
K = ( 0o sinh(§7 — u — 77))

satisfy these equations for any ¢+ € C.



BQISM [Sklyanin 1988]

Define the double row monodromy matrix € End (Va ® V®£):
Ta(u) := Rap(u—er)...Ra1(u — 1)K (u) %
1/ -1/ _ ) B(uv)
XRal ( u 51)"'Ra£( u 65) = <C(LI) D(u)) .
The transfer matrix

t(u) := try (K (u) Ta(v))

satisfies

[[t(u), t(v)] =0 Vu,v eC]

Thus, it is a generating function for the integrals of motion!



Algebraic Bethe Ansatz

Introduce 3(u) = (2u)a(u) — nd(u). Start with a reference state Q and
look for other eigenstates in the form (v, ..., vy) = C(v1)...C(vn)Q.

Eigenvalues:

sinh(¢t + u+1n/2) ﬁ sinh(u — vk + 1) sinh(u + vk +17)

A =3
(U w5 viv) = 3(u) sinh2u sinh(u — vi) sinh(u + vy)

k=1
n d(u)sinh(2u +n)sinh(éT — u+n/2) l—N[ sinh(u — vk — 1) sinh(u + vk — 1)
sinh 2u Pt sinh(u — vg) sinh(u + vg)
BAE:
3(vk) sinh(EY + v +1/2) I_NI sinh(vx — v; — 1) sinh(vx + vi — 1)
d(vi)sinh(2vx — 1) sinh(é+ — v +1/2) n sinh(vk — v; + 1) sinh(vk + v; + 1)




Quasi-classical limit (QC)
If we substitute 7 = 0 the BAE will take the following form:

sinh(§™ 4 vk) sinh(€1 + vi)
sinh(§~ — vi) sinh(&F — vy)

Choose £~ = £7(n), € = £ (n), so that this holds as 7 — 0.
Take

=1.

M =mna, & =np
e QC trig. BQISM
c
—2(av+  + 1) coth vy + Z (coth(vkx — &/) + coth(vix +¢/)) =
=1
N (%)

:22 (coth(vx — v;) + coth(vk + v;))
i£k




e QC rat. BQISM

L 2 N 2\/3
—(a+5+1) +ZV2 sz_vz (&)
=1 'k ik Kk i

Same expression as (') QC trig. QISM with the change of variables!
|QC rat. BQISM (#) < QC trig. QISM (0)]

e QC trig. BQISM
Change of variables vy = Inyk, €/ =Inz in (&) gives

y2 + 1
— k —
(a+B+1) +Z<yk—212 y/fo—l)

2
Yk —

_Z< 2yky, 222 )

i#k YieYi -1




QC trig. BQISM (&) — — — itenuated imit. _ _ _ Q¢ trig. QISM (¢)

- ___”-_”-_”—_-—_Z—_Z—Z—Z”zZ
A variable change

|
|
|
|
rational limit :variable change (‘) = (<>) rational limit
|
|
|
|

| .
QC rat. BQISM (&) — — - teruated it _ . QC rat. QISM (0)



)
Introduce an additional parameter p: vy — v, + %, g — e+ g

QC rat. BQISM (#) 2> QC rat. QISM (V)

L N
Z Vi + pvi + 07 /4 —2} Vi +pvi + 07 /4
)

—(a+8+1) = .
— &7+ p(vi — & vi — v+ p(vi — vi)

ik
Rescale a + 8 = p(a + 5’)/4 and consider p — oo:

L N
R ED It S
7Vk_5l I.#ka_Vi

QC trig. BQISM (') 2=>25 QC trig. QISM (&) | Set p/2 = Ino:
L N
o2 yk +1 1 _ 2y 2
~lag +Z ( Tty - 1) 2 (yf e

ik
and conS|der o — 00:
2 N

L 2_)/2
1

z} izk Tk — Vi .




Thus, we have

QC trig. BQISM (&) attenuated limit QC trig. QISM ()

rational limit (.) = (<>) rational limit

QC rat. BQISM (‘) attenuated limit QC rat. QlSM (@)




But in fact

QC trig. BQISM (&) ——2ttenuated Tmit QC trig. QISM ()

A variable change

rational limit |  variable change (‘) = (<>) rational limit

| .
QC rat. BQISM () attenuated Timit QC rat. QISM (©)




Transform

Variable change

. 1 1.
Substitute | vik = yk — y, *, €1 — 21— z; | into (#):
1 L 2
Ykt y — Y
B s L) D
Y = Yy ,:lyk+yk —z -z

i#£k yk+yk _-yl _-yl
Using
-y’ 7 1
VE+yill-Z -z Yi—Z  yig -1
we obtain (&/'):

(ot pen) +z( ! )—i(zﬁ b2
Y — vi-z2 i1 Ye =i vivi-1)°

ik

QC rat. BQISM (#) 2228 0 ¢ trig. BQISM (&)




Transform

Thank you for your attention!

QC trig. BQISM (&) attenuated limit QC trig. QISM ()

variable change

rational limit | | variable change (.) = (<>) rational limit

QC rat. BQISM () attenuated Timit QC rat. QISM (©)
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