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Background Neveu Schwarz Algebra

Neveu Schwarz Algebra

Z2 graded Lie algebra

Commutation Relations

[Lm, Ln] = (m − n)Lm+n +
C

12
(m3 −m)δm,−n m, n ∈ Z

[Lm,Gn] =
(m

2
− n
)
Gm+n m ∈ Z, n ∈ Z +

1

2

{Gm,Gn} = 2Lm+n +
C

3
(m2 − 1

4
)δm,−n m, n ∈ Z +

1

2

SVir = n− ⊕ (CL0 ⊕ CC )⊕ n+︸ ︷︷ ︸
b+
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Background Verma Modules

Verma Modules

We begin with a one dimensional module Cvh,c over b+ such that

1 n+ acts by zero

2 C is multiplication by c (central charge)

3 L0 is multiplication by h (conformal dimension)

Then the Verma module is the induced module

V (h, c) = IndNS
b+ Cvh,c

This is a free module over U(n−) with a basis of ordered monomials

. . . Ln2
−2G

k2

−3/2L
n1
−1G

k1

− 1
2

vh,c

We call vh,c a highest weight vector.

Michael Canagasabey () Neveu Schwarz Indecomposables ANZAMP Annual Meeting 4 / 25



Background Verma Modules

Verma Modules

We begin with a one dimensional module Cvh,c over b+ such that

1 n+ acts by zero

2 C is multiplication by c (central charge)

3 L0 is multiplication by h (conformal dimension)

Then the Verma module is the induced module

V (h, c) = IndNS
b+ Cvh,c

This is a free module over U(n−) with a basis of ordered monomials

. . . Ln2
−2G

k2

−3/2L
n1
−1G

k1

− 1
2

vh,c

We call vh,c a highest weight vector.

Michael Canagasabey () Neveu Schwarz Indecomposables ANZAMP Annual Meeting 4 / 25



Background Verma Modules

Verma Modules

We begin with a one dimensional module Cvh,c over b+ such that

1 n+ acts by zero

2 C is multiplication by c (central charge)

3 L0 is multiplication by h (conformal dimension)

Then the Verma module is the induced module

V (h, c) = IndNS
b+ Cvh,c

This is a free module over U(n−) with a basis of ordered monomials

. . . Ln2
−2G

k2

−3/2L
n1
−1G

k1

− 1
2

vh,c

We call vh,c a highest weight vector.

Michael Canagasabey () Neveu Schwarz Indecomposables ANZAMP Annual Meeting 4 / 25



Background Verma Modules

Verma Modules

We begin with a one dimensional module Cvh,c over b+ such that

1 n+ acts by zero

2 C is multiplication by c (central charge)

3 L0 is multiplication by h (conformal dimension)

Then the Verma module is the induced module

V (h, c) = IndNS
b+ Cvh,c

This is a free module over U(n−) with a basis of ordered monomials

. . . Ln2
−2G

k2

−3/2L
n1
−1G

k1

− 1
2

vh,c

We call vh,c a highest weight vector.

Michael Canagasabey () Neveu Schwarz Indecomposables ANZAMP Annual Meeting 4 / 25



Background Verma Modules

Verma Modules

We begin with a one dimensional module Cvh,c over b+ such that

1 n+ acts by zero

2 C is multiplication by c (central charge)

3 L0 is multiplication by h (conformal dimension)

Then the Verma module is the induced module

V (h, c) = IndNS
b+ Cvh,c

This is a free module over U(n−) with a basis of ordered monomials

. . . Ln2
−2G

k2

−3/2L
n1
−1G

k1

− 1
2

vh,c

We call vh,c a highest weight vector.

Michael Canagasabey () Neveu Schwarz Indecomposables ANZAMP Annual Meeting 4 / 25



Background Verma Modules

Verma Modules

We begin with a one dimensional module Cvh,c over b+ such that

1 n+ acts by zero

2 C is multiplication by c (central charge)

3 L0 is multiplication by h (conformal dimension)

Then the Verma module is the induced module

V (h, c) = IndNS
b+ Cvh,c

This is a free module over U(n−) with a basis of ordered monomials

. . . Ln2
−2G

k2

−3/2L
n1
−1G

k1

− 1
2

vh,c

We call vh,c a highest weight vector.

Michael Canagasabey () Neveu Schwarz Indecomposables ANZAMP Annual Meeting 4 / 25



Background Verma Modules

Verma Modules

We begin with a one dimensional module Cvh,c over b+ such that

1 n+ acts by zero

2 C is multiplication by c (central charge)

3 L0 is multiplication by h (conformal dimension)

Then the Verma module is the induced module

V (h, c) = IndNS
b+ Cvh,c

This is a free module over U(n−) with a basis of ordered monomials

. . . Ln2
−2G

k2

−3/2L
n1
−1G

k1

− 1
2

vh,c

We call vh,c a highest weight vector.

Michael Canagasabey () Neveu Schwarz Indecomposables ANZAMP Annual Meeting 4 / 25



Background Singular Vectors

Singular Vectors

We look for highest weight vectors within the Verma module and term
these singular vectors.

detn(c , h) = αn

∏
0<rs/2≤n
r∼=s[2]

[h − hr ,s(t)]d(n−rs/2)

hr ,s =
(r − st)2 − (1− t)2

8t
t ∈ C∗, r , s ∈ Z+

A singular vector is found at grade rs
2 and generates a Verma submodule,

V (hr ,s + rs
2 , c).
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Background Singular Vectors

Classification of SVir Submodule Structure
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Background Singular Vectors

Qr ,s module

Definition

Qr ,s is the quotient of V (hr ,s , c) by the submodule generated by the
singular vector at grade rs

2

E.g. For the module V (h3,1 = 0, c = 0) we have the singular vector

(L−1G−1/2 −
1

2
G−3/2)v0,0

at grade 3/2. We will refer to the quotient as Q3,1.
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Fusion

Fusion

Decompose Qr1,s1 ⊗ Qr2,s2 ∼ OPE’s in CFT

Vectors in module ∼ fields in CFT

We need an appropriate coproduct to make this connection
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Fusion Coproduct Formulae

Coproduct Formulae

We have the mode expansion for each generator in SVir

G (w) =
∑

n∈Z+3/2

wn−3/2G−n, L(w) =
∑

n∈Z+2

wn−2L−n

We consider the action of a mode on the product space as

∆(Sn)(v1 ⊗ v2) =

∮
C
dwwnS(w)V (v1, ζ)V (v2, z)Ω S = L,G

From this we derive two coproduct formulae for each generator Sn

∆(Sn) =
∞∑

m=1−h
am(Sm ⊗ 1) + ε11⊗ Sn

∆̃(Sn) = Sn ⊗ 1 + ε1

∞∑
m=1−h

bm(1⊗ Sm)

Michael Canagasabey () Neveu Schwarz Indecomposables ANZAMP Annual Meeting 9 / 25



Fusion Coproduct Formulae

Coproduct Formulae

We have the mode expansion for each generator in SVir

G (w) =
∑

n∈Z+3/2

wn−3/2G−n, L(w) =
∑

n∈Z+2

wn−2L−n

We consider the action of a mode on the product space as

∆(Sn)(v1 ⊗ v2) =

∮
C
dwwnS(w)V (v1, ζ)V (v2, z)Ω S = L,G

From this we derive two coproduct formulae for each generator Sn

∆(Sn) =
∞∑

m=1−h
am(Sm ⊗ 1) + ε11⊗ Sn

∆̃(Sn) = Sn ⊗ 1 + ε1

∞∑
m=1−h

bm(1⊗ Sm)

Michael Canagasabey () Neveu Schwarz Indecomposables ANZAMP Annual Meeting 9 / 25



Fusion Coproduct Formulae

Coproduct Formulae

We have the mode expansion for each generator in SVir

G (w) =
∑

n∈Z+3/2

wn−3/2G−n, L(w) =
∑

n∈Z+2

wn−2L−n

We consider the action of a mode on the product space as

∆(Sn)(v1 ⊗ v2) =

∮
C
dwwnS(w)V (v1, ζ)V (v2, z)Ω S = L,G

From this we derive two coproduct formulae for each generator Sn

∆(Sn) =
∞∑

m=1−h
am(Sm ⊗ 1) + ε11⊗ Sn

∆̃(Sn) = Sn ⊗ 1 + ε1

∞∑
m=1−h

bm(1⊗ Sm)

Michael Canagasabey () Neveu Schwarz Indecomposables ANZAMP Annual Meeting 9 / 25



Fusion Coproduct Formulae

Algebraic Formulation

We consider the fusion product as follows

(Qr1,s1 × Qr2,s2)f := (Qr1,s1 ⊗ Qr2,s2)/(∆− ∆̃)

This can be shown to reproduce the fusion rules for a number of examples.
We will analyse the fusion product, to some grade n. Gaberdiel shows that

(Q1 × Q2)nf ⊆ Qs
1 ⊗ Qn

2

where we have the special subspace defined as follows

Qs = Q/
〈
L−m,G−n|m ≥ 2, n ≥ 3

2

〉
Q
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Fusion An example

Fusion Example

L−1G− 1
2
v = G− 3

2
v

as singular vector set to
zero.

Here we have a tensor basis consisting of {v ⊗ w ,G− 1
2
v ⊗ w , L−1v ⊗ w}.

We calculate ∆(L0) wrt this basis
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Fusion An example

Fusion Example
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Fusion An example

Fusion Example
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Fusion Towards a Classification of Indecomposables

Category O

1 M is finitely generated

2 For any w ∈ M, U(n+)w is finite dimensional.

3 C acts on M by multiplication by c

4 L0 acts semisimply on M

We are interested in the fusion products that lead to representations
outside Category O. In particular, where L0 can have Jordan cells of rank
at most two.We would like to classify such indecomposables.
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Fusion Towards a Classification of Indecomposables

Identification of Indecomposables

In the previous example we saw the following structure

Michael Canagasabey () Neveu Schwarz Indecomposables ANZAMP Annual Meeting 20 / 25



Summary

Identification of Indecomposables

Kac Table for c=0

s
1 2 3 4 5

1 0 0.5625 1.5  28/9 5
2  0/1  1/5  1/1  11/5  4/1

r 3 0  1/9 0.5  14/9 3
4  1/4  1/9  1/4  8/9  9/4
5 0.5  1/9 0  5/9 1.5
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Summary

Results

Table: c=0 module decomposition

×f Q1,1 Q3,1 Q5,1

Q1,1 Q1,1 Q3,1 Q5,1

Q3,1 Q1,1 ⊕ [Q3,1 + Q5,1] [Q3,1 + Q5,1]⊕ Q1,7

Q5,1 [Q1,1 + Q7,1]1 ⊕ [Q3,1 + Q5,1]2 ⊕ Q9,1

Table: c=0 beta numbers

×f Q1,1 Q3,1 Q5,1 Q7,1

Q1,1

Q3,1 β = −1 β = −1 β = −15
Q5,1 β1 = −1

4 , β2 = −1
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Summary

Table: c=3/2 module decomposition

×f Q3,1 Q5,1

Q3,3 Q1,3 + Q3,3 + Q5,3

Q3,5 Q1,5 + Q3,5 + Q5,5

Q3,7 Q1,7 + Q3,7 + Q5,7

Q5,5 Q1,5 + Q3,5 + Q5,5 + Q7,5 + Q9,5

Table: c=3/2 beta numbers

×f Q3,1 Q5,1

Q3,s βi = 0
Q5,5 βi = 0

(
Qr ,1 × Qr ′,1

)
f
∼=

r+r ′−1⊕
r”=|r−r ′|+1

Qr”,1
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Summary

Results

Table: c= -5/2 module decomposition

×f Q3,1 Q5,1

Q3,1 Q1,1 + Q5,1 ⊕ Q3,1 Q3,1 ⊕ [Q5,1 + Q7,1]
Q5,1 [[Q1,1 + Q5,1]1 + Q7,1]2 ⊕ Q3,1 ⊕ Q9,1

Q7,1 [Q5,1 + Q7,1]⊕ Q9,1

Table: c=-5/2 beta numbers

×f Q3,1 Q5,1

Q3,1 β = 0 β = −2
Q5,1 β1 = 0, β2 = −2
Q7,1 β = −2

(
Qr ,1 × Qr ′,1

)
f
∼=

r+r ′−1⊕
r”=|r−r ′|+1

Qr”,1
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Summary

Things to do

1 Repeat these computations for the Ramond Sector

2 Classify indecomposables in the language of module extensions
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