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In gauge-string duality

Arkady Tseytlin

Monday, 3 December 12



® Review of duality between N=4
supersymmetric planar 4d gauge theory
and superstring theory in AdS5 x S°

® Some recent progress

Beccaria, Roiban, Giombi, Macorini, AT
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Last 10 years: enormous progress of
understanding gauge theory - string theory
duality based on integrability

Promise of first exact solution of a 4d QFT
as well as string theory in curved background

Remarkable connections with different areas
of :integrable spin
chains, integrable 2d sigma models on
supercosets, 2d CFT’s,4d CFT’s

stimulates research in related areas
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® Maximally symmetric example:
N=4 super Yang-Mills theory dual to
superstring theory in AdSs x S°

® N=4 SYMis a 4d Conformal Field Theory
plus it is in planar limit: spectrum of
dimensions from integrable system
(integrability rare in 4d QFT:at |-loop only even

in N=2 SYM)

® string theory is a based on a 2d CFT:  AdSs5 x S°
conformal sigma model (integrability

rare for 2d s-models: G/H cosets, gauged VWWZWYV,
few pp-waves, not much more)
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Abstract: This is the introductory chapter of a review collection on integrability in
the context of the AdS/CFT correspondence. In the collection we present an overview
of the achievements and the status of this subject as of the year 2010.
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N=4 SYM as “harmonic oscillator’” of 4d QFT

Ooguri's conference photos

HOME | PROGRAM | ACCOMMODATION | REGISTRATION | CONTACT US | PHOTOS

Conference "N=4 Super Yang-Mills Theory, 35 Years After”

The conference is held at California Institute of Technology in Pasadena, CA, March 29-31, 2012.

renovation on the fourth floor of Lauritsen-Downs.

Invited speakers include:

Ofer Aharony Lars Brink

Nima Arkani-Hamed Clifford Cheung
Niklas Beisert Henriette Elvang
Nathan Berkovits Juan Maldacena
Zvi Bem Gregory Moore

Link to all lecture titles.

We look forward to seeing you all at Caltech!
The organizing committee:

Lars Brink
Sergei Gukov
Anton Kapustin
John Schwarz

We invite you to celebrate the developments in maximally supersymmetric gauge theories over the past 35 years and the completion of

Joseph Polchinski Maria Spiropulu

Alexander Polyakov Matthias Staudacher
Lisa Randall Arkady Tseytlin
Ashoke Sen Anastasia Volovich
David Skinner Edward Witten

Announcement: Prof. David Gross will give a public lecture at 8:00 PM on Wednesday March 28.
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N = 4 Gauge Theory
U(NNV) gauge field A, 4 adjoint fermions ¥

!

6 adjoint scalars @,,

d*x
A2

)\ Sj\z’:4 = AT/ Tl‘ (%(f.;u/)Q T %(D;L@m)g = %[é'ms dj-n]Q T )

Some remarkable properties:

e Unique action due to maximal supersymmetry,
e single coupling constant g ~ V\ ~ gyu VN (plus top. #-angle),
e all fields adjoints: NV x N matrices for U(/N) gauge group,
e all fields massless (pure gauge),
e ‘finite” theory: beta-function exactly zero, no running coupling,
e unbroken conformal symmetry,
e superconformal symmetry PSU(2, 2|4).

conformal SO(2,4), global SO(6), Q- and S-supersymmetry
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AdS/CFT Correspondence

Conjectured exact duality of e o] [Kiebano] [ vrzer ]

hep-th/9711200 | | 550270V | | hep-tn/9802150
e |IB string theory on AdS5 x S° and
e N =4 gauge theory (CFT).

Symmetry groups match: PSU(2, 2|4).
Holography: Boundary of AdS5 is conformal R%.

Prospects:

e More general AdS/CFT may explain aspects of QCD strings.
e Study aspects of quantum gravity with QFT means.

No proof yet!
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(Very basic) AdS/CFT duality

>

[IB superstring on AdSs x S°

< N =4SYMind =4

» Kinematics = symmetry = /
» Isometries of AdSs x S°: SO(4,2) x SO(6)

» and in N = 4 SYM

S0O(4,2) x SO(6)

» What about dynamics ?

bosonic

C

PSU(2,2/14) !

Monday, 3 December 12
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What does it mean to solve 4d CFT:;

basic CFT data: A;, Cjj
e last few years: scaling dimensions A at any coupling

1
z(12)[2A0

(O(z)0(2')) =

2(03) — () _ ()

e recent progress: computing some 3-point functions

(01(2'V) 02(2'?) 03(2'))

g Ci23(A)
o |x(12)|A1+A2—A3|$(23)|A2+A3—A1|$(31)|A3+A1—A2

o A;, C;;i determine higher correlators via OPE:

0;(2)0;(0) = Y _ |22+~ Cj;04(0)
k

Planar theory: SU(N), N — o0, A= gyyN=fixed
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What does it mean to solve string theory:

Compute of energies of string states

find corresponding vertex operators and their
correlations functions (scattering amplitudes)

String in  AdS5 x S°:
R _ V)X

Ao’ A7

tension 7' =

Spectrum:
energy as function E of tension or A
and conserved charges (mode numbers)

Monday, 3 December 12
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» Gauge/string coupling relations
4\

N — gs ) (A — NC 8%M)
C SN~

v string

gauge

» Planar limit N, — o0 = gs — 0, free string

DO O @

» Weak - Strong duality

R? . o
VA = . = (non-linear o-model coupling) 1

/ﬁ > | basic prediction: Estring = AcFT
59

Monday, 3 December 12
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Spectra of String and Gauge Theory
String Theory:

States: Solutions of classical equations of motion
plus quantum corrections.

Energy: Charge for translation along AdS-time
(rotations along unwound circle in figure)

Gauge Theory:

States: Local operators. Local combinations of the fields, e.g.
O = Tr ®1P2(D1D2P2)(D1F24) + ...
Energy: Scaling dimensions, e.g. two-point function in conformal theory

(O(z) O(y)) = Clz — y|~2PP)

Matching: String energies and gauge dimensions match, E'(\) = D(A\).

Notation: D=A

Monday, 3 December 12
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Strong/Weak Duality

Problem: Strong/weak duality.

e Perturbative regime of strings at A — oc

E(\) = VAEy+ E1 + Ex/VA

FEy: Contribution at ¢ (world-sheet) loops. Limit: 1 or 2 loops.
e Perturbative regime of gauge theory at A =~ 0.

D(A) =Dy+ AD1+ XDy + ...

D,: Contribution at ¢ (gauge) loops. Limit: 3 or 4 loops.
Tests impossible unless quantities are known at finite A.
Cannot compare, not even approximately. | a priori |

Integrability may help.
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How can we test AdS/CFT ?

* The two sides of the correspondence can be worked out in opposite regimes

R2
string theory VA = > L
conformal theory A=giyN. < 1.

« BPSstates Tr(Z") havea trivial A dependence : Equality easily checked

* Near-BPS states are also ~ok since o model corrections can be suppressed

——

J>1, |
Tr(ZZ2%... 222X %557 .. 27), > 1, dualto ?

J (dilute limit)

—

\

What about far-from-BPS states ?

Simple gauge theory operators / Simple classical string solutions

Monday, 3 December 12
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To sum up:

® gauge-string duality: spectrum of gauge
dimensions = spectrum of string energies
but perturbative expansions are opposite

® how to compute dimensions of gauge
theory operators exactly!?

® how to compute string energies exactly!?

° : exact description by common

integrable 2d system

Monday, 3 December 12
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Gauge theory anomalous dimensions:

» Protected operators (conserved currents, BPS, ...)

1
O'Z = Tr (F“,\ FV — 1 0, F? + scalars + fermions)

A = 4.
» Non degenerate operators without mixing (Konishi)

O = Trd" 3
343X 218
A= 2% tem T s T

» The calculation of A(A) for unprotected operators
= difficult mixing problem (esp. for large charges...)

O = Tr[e°@°8"e" +O(N) 8 8" 8" &' + -]
A = 4+0N

Monday, 3 December 12
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A Sample Operator

Local, gauge invariant combination of the fields, e.g.

Ob'uC( )

Tr &r(z) Di().

Two-point function at one loop. Diagrams:

l l
Qo @@@

Correlator |n dimensional reduction scheme

<Oh'110 Obfue

mmn

(v)) =

2(1 — 1/N?)

|

— y|4—4€

(5k {m 571, =

69 . 5kl 5mxn,.

€l — | ¢

Bianchi, Kovacs
Rossi, Stanev

bon).

|

Monday, 3 December 12
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Renormalisation and Mixing

Correlator

20—1/N?) (. . 6¢%6kdmn
<Ol)ne )Obue( )> . ( /l ) (01,-{,,,07,}1 - g OklOmn +> .

mn |;l'. Rais y|4_46 6|£l7 = yl—Qc

Renormalisation: coefficients divergent & unphysical

2
01\1 s (f)b'uo %51\ 5””101)'110 = IR

Mixing: Correlotor is non-diagonal <011 ) O (y > =)

" 1.e PEnY -
Qk.l - Okl = Eokl(smno'mns K = ()m,nomn-

Here: Mixing resolved by representation of so(6); 20-plet Q;, singlet K.

Usually: Mixing among many states with equal quantum numbers.

Monday, 3 December 12
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The dilatation operator

>

>

>

The dilatation operator ® € psu(2,2|4)
(dual to t-isometry on the string side)

In the planar limit,
© — integrable Hamiltonians

14
D = Z )‘l 7-‘1(n’2egrable
£>1

(y from d logZ#4;/dlogA
plus symmetry...)

[ Beisert et al, 03 ]

LLocal interactions

ot L]

p= 1 p—2 p—1 p p+l p+2 p+3 p+4

Hl(]i);egrable — Spin C:ham Wlth range ~J e —

wrapping

Monday, 3 December 12
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Dilatation Generator

Scaling dimensions Do (g) as eigenvalues of the dilatation generator ©(g)
D(9) O = Do(9) O.

Spin chain picture: Hamiltonian 6 = g*H & energies 6D = ¢°FE.
At leading order (one loop): Interactions of nearest-neighbours

TN

O(x) O(x)

Regularised action of 6 in su(2) sector: Heisenberg XXX /5 chain [Jinh]

L

L
= 1
H=) (Tppt1—Pppr1) = ) 3(1 =Gy Fpia).

p=1 p=1

Monday, 3 December 12
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An explicit example: the su(2) sector at one loop

Insu(2),Z =1 +ipy, W=3+1ip,,

oz — Ty (Z o ZW-- W—I—permutations) .
Iji J2

AY v Y

» At tree level D0 = J1 + ]2 = classical dimension.

» At1loop,in the planar limit [ Minahan, Zarembo, 02 ]
A& A& A
1 _ _ — b
D) = ) E (1-Piiy1) = 1672 E :(1 0i-0it1) = 872 Hxxx

Monday, 3 December 12
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.1'(‘//;‘. —,L)L 5 Uk — U; -+ 12

x(up —{—é)L 1 Uk — U -3’
£k

D

| =

r(u) = %1/ + %(/\/1 — 2g°/u?.

Momentum constraint (cyclity of trace) and higher-loop scaling dimension:

r(u; — é) " ( )
‘H_  +._1. D = L+/Z< T ,,.(,,L))

® Dilatation operator not known explicitly beyond 4 loops --
but can make assumption of all-order integrability and then
verify its consistency

® Bethe Ansatz generalized to higher loops
for “long” operators [Asymptotic Bethe Ansatz]

® Checked against available perturbative data and general
principles (crossing of magnon S-matrix, etc.)
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Higher order integrability ? The su(2) sector

» Loop expansion of ©

L
’D:Z(l+g2H1+g4H2+g6H3+...)
¢=1

» H; are integrable spin chains with
increasing range (hopping expansion of Hubbard model ?)

1
H = S(1-0-0e41)

1
Hy, = —(1-o0¢-0¢41)+ Z(l — 0g - 0442)
15 3 1
H; = Z(l — 0¢-0p41) — 5(1 — 0¢ - Op42) + 1(1 — 0g - 0p43) +
1
—g(l —0e-0243)(1 — 041 0e12) +
1

+§(1 — 0 0¢42)(1 — 041 - 043)

Monday, 3 December 12
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Extension to full psu(2,2|4) spin chain

One-loop general g-invariant Bethe Ansatz

» minimal integrable chain with (super) algebra g

» rank 7, state with K = K7 + - - - + K, Bethe roots

uj,1=1,...,K.
» ki =1,...,rlabels which simple roots is associated with u;
Bethe equations [ Ogievetsky, Wiegmann, 86 ]

, 1 K 4. _ 13
14

kj =1 u] Uy ) k] ke
t#]
+1

Monday, 3 December 12
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psu(2,2/4) is no exception
» Favourite Dynkin diagram for N = 4 SYM

ala? alcl cl? ac clict bl blp?

» Cartan matrix and singleton representation on D" (¢, A, A)
» For any particular (highest weight) state

[A].) AZ) AB](J '’

» We compute the excitations Kj, ..., Ky over the BPS
vacuum

L
R 1Z),  |Z) = @3 =} |0).

and solve (numerically ?!) the Bethe equations !

Monday, 3 December 12
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Asymptotic Bethe Ansatz equations

[Beisert,Eden, Staudacher 2006]

Bethe equations

coupling constant K
2 A T4
g-= 1= —
92
871'- j=1 T-i)
; . ‘ - . Ka
transformation between u and z " ﬁ i H Upg — Uss + §
2 o i
- U e — U j + 1 U . — Ug -
— Ly + Lu /1 = 202 /u? = ! e J 25
r(u) = u + 3uy/1 — 2¢%/u?, u(z) =z + = Tk
K2 i Ky +
B H Ugp — U ; + 3 Hl‘g‘k—l“‘\j
x* parameters ; I U —upy = § M 2g5 — 23,
= =z(ut3)
- Ko Ky Ks _ - Kg -~
e T4k (Uu — Uy j+1 02 (Zen, Zas) Tyx — T35 Zax — T5,
spin chain momentum il K oy H 4k, T4 j H T H T
p x+ I~|.k j=1 Ug g — u“uj 2 j=1 ‘T-l.k B 1‘3‘]' j=1 I-‘,k - Is-j
" i#k
a Ke .
| — HUSL UGJ+0Hm5k Ty,
3
local charges i Usk — Uy — 7 1 Tk — Ty
1 i i K4 Ke R .
v@=T\Er ) Ty B | ] | B
w— ’ ’ _1 — . > 1
: j=1 U6k uG.J+2'j:1u)L Us; — 3
itk
anomalous dimension
function o(z,, z9) for quantum strings, coefficients: ¢, = d,41 + O(1
K A ) 2 o ! ‘
2 |
D ==Y (- ”
=1 \Tis Ty ey 7 1,2\(r+s-1)/2
oz, z2) =exp (i ) (397) cr.s(9) (4r(21) 4s(22) — ,(22) s(21))
r<s=2
BES dressing phase
28
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® Non-trivial phase fixed using additional
assumptions (crossing, etc.) -- existence of
underlying

® Generalization to short operators of any
length: include finite-size effects (wrapping
contributions)

® Hint from string side - analogy with 2d models -
generalize ABA to TBA Thermodynamic Bethe
Ansatz (Y-system, etc)

® Use of string sigma-model picture: R?* — R x S?!

Monday, 3 December 12
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Bethe Ansatz misses wrapping corrections !

Gauge theory/discrete chain, only asymptotic Bethe Ansatz

A 999

The interaction range
increases with loop order

!

AdS/CFT

L=38

Wrapping corrections are very
difficult (exponentially suppr.)

v

(L=2 in the previous example)

String theory/continuum o model, thermodynamical Bethe Ansatz

Mirror theory (S-matrix, ABA, ...)

}»_ A ‘mirror string®
- j e
string of — Idea: lenght <+ temperature

ength .7 -
(Zamolodchikov)

For integrable models TBA equations are related to
universal Y-systems
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TBA, Y-system and Hirota equation (just a glance)

cosh(nt0)

—O OO0 @ O0O(O— 04 o-model

@ O O—— Su(2) Chiral Gross-Neveu
0—2—0—0—& O(3) o-model
\l

1
O { sine-Gordon with B*=8m(1-1/v)
v-1
OO A(i super-sine-Gordon

O—O—O@ OO -current-current perturbation of SU,(2) WZW

SS-model

SU(N+1) Principal ChiraL Field

SO(2N) o-model

exp(m0) exp(-m0)

k-1

[/
0O(3) o-model with -6 term
L

—O—4—O——O—NO— WZW SU,(2) off-critical
1

[Symmetry as input !]

YaTsYaTs L (1 + Ya,s—i—l)(l + Ya,s—l)

Ya+1,sYa—1,s (1 + Ya+1,s)(1 + Ya—l,s)

* Y, , are related to the densities of
particular clustered solutions of BA
equations in the continuum limit

(need a string hypothesis)

* Can be put in Hirota form

Ta,s+1Ta,s—1

Y. .=
“e Ta+1,sTa—1,s
+ =
Ta,sTa,s — a,s—l—lTa,s—l + Ta—l—l,sTa—l,s

[Zamolodchikov , Krichever, Zabrodin, ....]

Monday, 3 December 12
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. . [need ABA and extra analyticity
The PSU(2, 2 | 4) case (very non trivial) constraints as input]

Fat hook diagram for psu(2,2|4)

SU(2 | 2)? wings />

(1 4 Ya,5+1(2))(1 + Ya,5-1(2))

Yasz—FiYasz_L: ’
(2 + 75)¥as( ) (1+1/Yay1,6(2))(1 +1/Ya—1,5(2)) State <+ boundary conditions

4g

The solutions determine the spectrum

M dz (%‘m”
E = b 1 1 mir
Jz_:lel 2 +Z/ o og(1 + )

Gromoy, Kazakov,Vieira, ... (2009-2012)

Monday, 3 December 12
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short strings

thermodynamic
Bethe ansatz

» quantum sigma model
loop

expansion

£
£
£
a
n
—
=
o
W)
B
&
-
8
3
=

@ .
wrapping T
expansion

N
ED
av
N
-
4
O
<
<~
O
an
r—
4w
-
&,
o i
)
o
o=
av
—
fasd

long-range spin chain long strings Sp eCtra,]_

asymptotic Bethe equations™ ...

0 gauge loops A worldsheet loops ©X
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Exact ABA results so far:
(i) BES equation for scaling function (2006)
(ii) exact slope function (2011)

TBA results so far:

Konishi dimension to 7-th (8-th ?) loop,
numerical computation starting from weak
coupling — match with strong
coupling expansion from string theory side

(2009-2012)




Strings on AdS5; X S°

lIB superstrings on the curved AdSs x S° superspace

AN
MRS
N

AN

s —"" ¢
A

N e
K/\J\ _> \\\§§\\\\\\“"‘ 2o X
A\ 7
: W ‘ v ’
b

Coset space
PSU(2, 2(4)

AdSs x S° x fermi = Sp(1.1) X Sp(2)

VA

T 4r

¥ =¥Y2 +Y¢ 4. +YE =<1, X2g..+X5=1

I d?o [8Yp§Yp + 0X1,0X}, + fermions ]

X fermions

Monday, 3 December 12
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I=-— \;; d*¢ [Lp(z,y) + Lr(z,y,0)] , VA = Z’—? ’g_;/

\/ 99 [GLA455) (2)9,2™ Bpz™ + G5, (1)Bay™ Boy™ Y

* Very non-trivial L (already in flat space). Quadratic part

LF _ Z-(\/jggab(sIJ . EabSIJ)eIQanHJ 0(04)

00 = TAE$;0, XM = (T,ER, + T,  EP P )0 XM

RR five form
D, =9, XM Dy, f

DI] = (0m + wifTap)d! — g5Fa, . a4, DA AT el
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classical integrability

e Coset o model

PSU(2,2/4)

t
"YTmEy SO(a,1) x SO(5)

bosonic subalgebra ~ PSU(2,2/4)|p = SU(2,2) x SU(4) ~ SO(4,2) x SO(6)

\_} SOH,2) . 50(6) _ A4S, x S5,

» Internal 4° order automorphism g = su(2,2[4) = @ gtk Q(gi*)) = ik g*)
1 k
A=—gtdg=) AW, Bads — OpAs — [Ag, As| =0,  a,b=o,T.
k—0

; <

L = ~ [\/—h ho? Str(Agz)Al(,z)) + K €® Str(Ag,l)Az(f))] )

Metsaev, AT 1998
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* The string equations of motion can be put in Lax form

0, Y = Ly(o,7,2)Y,
8, = L.(0,7,2)7, z : arbitrary spectral
parameter

* As usual, compatibility requires flatness OaLy — 8yLg — [Lg, Ly = 0, a,b=o0,T.

* The trace of the monodromy matrix is T independent

AN
2 v
T(z) = P exp do L,(0,T, 2),
o 3
M
A Q)
infinite set of conserved charges | 7 ‘
.
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* Such a Lax connection indeed exists

Lqo(2) = co(2) AY 4 c1(2) AP co(2) fyabebcAff) + c3(2) AP ¢ ca(2) A

a

where (in addition to the k-symmetry condition k% = 1 we must impose

1 5 1 1 5 1 1
co = 1, c1:§ z—l—z—2 : 62__ﬂ z — 52 c3:a:z.

* We have 4+4 gauge invariant eigenvalues (bosonic+fermionic)

UTU ! = diag(eigl(z), e e'P4(2) | eiP1(2) ,eig‘*(z)).

g ..

. / aquadr
* The eigenvalues of Y (2) 0 S [

P

— 42— logT(2). / NN %
5, 8T (?) KOS

\\ / " 4 \\_ _/“

lie on an algebraic curve with only poles or branch points in z

Monday, 3 December 12
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Classical solutionsin R x S° vs finite cut Bethe states in CFT

$1,...,®2,0n 83, withd?2 =1, PoonR.

local symmetries and currents
s = Q/d%[(aacbi)z  (8a%0)? = Y
47:5 SU(2)1 x SU(2)r ~ SO(4)
R o [1 ~1 2 2
= T /d o [2Tr(g 0a9)" + (02%0) ] :

Lo=0,99",  Ja=9g "By

In the gauge $9 = k7 we compute the energy

A

= dO"iD():\/XK}.
21 Jo

A

Monday, 3 December 12
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Finite gap solutions vs scaling limit of BA equations

* The resolvent is analytic with possible cuts G(z) = p(z) + mw_ﬁ Tt wT L
* It can be represented as a density supported on the cuts G(z) = / dy ; (_y)y
: : ATK T
Riemann-Hilbert problem Gz —10)+G(z +10) = 2][ dy :(_y)y =2mne + 53—
* Nothing but the continuous limit of
XXX/, Bethe equations
_ _ u — L. _
(uk+z/2>L: 11‘_/-’[ Ug — U + 2 l:2ﬂ"ﬁ —|—2][d'up(v)
Up — 1/2 Z#kzluk—ui—i' . S ¢ uU—v
e / r — zL/g"
drk = A/g
AdS/CFT at work !!! zA/L o(y)
a;2_g2/L+27mC:2][dym—y' (A=L+---)
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Spinning strings and semiclassical corrections

1 3 '|_|;|
classical solutions with -\ *"' _ \
simple geometry \| !

1 4 |I:h|

folded circular pulsating  higher modes

* Smooth scaling limit of multi-spins, energy, etc

E J
E=—=fixed, J=-—F=="fixed... with A — o0
AT TR
1
o-model energy expansion: Bt = VAE(T) + E1(T) + —=&(T) + ...

VA

* Example of gauge/gravity correspondence: Twist operators/folded string in AdS,

Tr(dL-'pSe) . T 2 \f
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Classical folded string rotating in AdS,

* Folded spinning string in AdS; ds? = — cosh? p dt® + dp? + sinh? p d¢?

classical solution of the form L= KT, ¢=wr, p=p(o)=p(o+2m),

* Equations of motion compatible with Virasoro constraints and solution

,0'2 — k2 cosh? p— w? sinh? D, solution of Id sinh-Gordon equation @
: k 2 / 92 k — —
sinh p(o) = mcn(wa—}—ﬁ(,k ) ; p(c) =ksn(wo+K|k%), w
: o k=0.1,05,09
* Maximal extension is the only free parameter ()
14 /,/ - ‘\\\ / : \\\
2 7 1 1.2
coth®pp=—==14+n= -5 ol
=2 =32 100/ “
2k 0.8
K = K(k?) 04 / // N 4 R
02}// R 3
i 2 K V—— — &\
7r NN SOy Sy Wy G S "= N £ GRS TS Y — .= (r
1 2 3 R B 6
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\ \

folded

example:

o * Large spin behaviour is

E=S+f(A)logS+---,

(cusp anomalous dimension...)

dual to

gauge

string

Tr(®D3 ).

fA) =aiA+ax2% +...,

f(A) = boVA+by +

b
i o

VA
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Quantum string corrections: start from string action and
expand near solitonic string solution

Semiclassical corrections to the energy

* Easy case, fluctuations around an almost static solution, usual Euclidean trick

ratio of functional

E = T = /dT — 00, IT'=—InZ € determinants

L
kT
* The effective action is reduced to (coupled) Schrodinger functional determinants.

Simple 1d example:

+00
In det[—0% — 9% + M?(0) ]_T/ @ In det[—0% + Q2 + M?(0)]
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Key example: universal scaling dimension
(or “cusp anomalous dimension”: controls IR singular part
of planar gluon scattering amplitudes)

Dimension of @ = Tr(¢D%¢), for $>1

A=S+f(A)InS+..

Asymptotic Bethe Ansatz — BES integral equation for f(\)
determines coefficients in expansionat ALl or A >1

hhei1 = 1A+ ‘32)\2 § 3 C3>\3 -+ C4)\4 + ...
a2
f/\>>1 = \/XG'O +ai -+ ﬁ + ...

Compare to gauge theory:
cn from Feynman graphs of 4d CFT — N =4 SYM

4
1 | A2 11)3 73 | 4¢2(3).A

— e R e 54
hea 272 48+28x45 (630' 70 )27

+...|

3-loop: Kotikov, Lipatov et al 03; 4-loop: Bern, Dixon, et al 06
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Beisert-Eden-Staudacher equation:

(derived from full set of ABA equations)

ek t 2 o, / /
o(t,9) = 5—7 |K(2¢,0) — 4g” | dt'K(2gt,2gt)o(t,9)
e anm—
1 o0
K(t,t)=—, > 2znm(g)Jn(t)Im(t)
tt
n.m=1
Vo)
f(g)=0(0,g) ’ g=4—
T
Jn — Bessel functions .
znm from coefficients in the phase 6 (0‘ p— 629)

strong-coupling expansion Basso, Korchemsky, Kotanski 07
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Summary

I. Spectrum of “long” operators / “semiclassical” string states
determined by Asymptotic Bethe Ansatz (2002-2007)

e its final [Beisert-Eden-Staudacher] form found by intricate
superposition of data from A < 1 gauge theory (spin chain, BA,...)
and perturbative string theory (classical and 1-loop phase, BMN),
symmetries (S-matrix), assumption of exact integrability

e consequences checked against available gauge and string data
Key example: cusp anomalous dimension — dim of Tr(®D"° ®)

A=S+2+ f(A)InS+.., S>1
A 5 SR b 4¢2 X
h«r=53 [I_E 45-28_(630 )27 ]
VA[, 32 K I
= —I|l-— - — — LiOQ(e—tV2
f)\>>1 o [ \/X (\/X)z ] ( )

e =Ck) =02, & K=PB(2) =Y, psaiyr = 0.915...
from 2-loop string sigma-model integrals [Roiban, Tirziu,AT]
exact integral eq. [Basso, Korchemsky, Kotanski]: any order term
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Another exact result - slope function -
coefficient in short string limit

E:=J%+ hai(\,J) N+ ha(A\,J) N2+ hs(\,J) N° +...

n n n n
h1:2\/X+7’L11 e i l +J2( = : = F oase] *

VA (V)2

exact “slope” hy for sl(2) sector operator TT(DS o/ )
dual to AdS5 folded spinning string (N = .5)
from BA (I; - modif. Bessel of 1st type) [Basso 11,12;Gromov 12]

Ir4+1(V)
I; (V)

1 s
=2 2 — - —4
AL+ T 7

A AN = J?)
A+ T2 (At T2 T
[Similar exact expressions found for some BPS Wilson Loops
by Feynman graph summation or localization]

VA (V)2

hi(\, J) = 2J + 2V/A

=2/ A+ J2 —
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II. Spectrum of “short” operators = quantum string states

Thermodynamic Bethe Ansatz (2005-...)

e reconstructed from ABA using solely methods/intuition

of 2-d integrable QFT, i.e. inspired by string-theory side

e highly non-trivial construction — lack of 2-d Lorentz invariance
in standard BMN-vacuum-adapted l.c. gauge

e in few cases ABA “improved” by Luscher corrections is enough:
4- and 5-loop Konishi dim, 4-loop dim. of twist 2 operator

e complicated set of integral equations in need of simplification;
so far predictions extracted only numerically starting from

weak coupling and interpolating to larger A

¢ need more data to check predictionsat A < 1and A > 1

— against perturbative gauge-theory and string-theory data
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Key example:
dimension A = 2 + ~()\) of Konishi operator Tr(®;®;)
9% = ﬁ <1 /-loop result:

A =4+ 12¢° — 48¢* + 3364°

+96
—96

—48

+48| — 44480 — 8784 ¢ + 2592 (§ — 4776 (5 — 20700 (2

[-96 8 15<5]g8

158 — 72(s + 54 ¢2 + 90 (s —315C7]g10

160 + 432 2 — 2340 (s

—72 (a(—T6 + 45 Cs) — 1575 C7 + 10206 cg] g12

+24 (3(4540 + 357 (5 — 1680 (7)
26145 (7 — 17406 Co + 152460 cn] g4 .

all coefficients in ~ are integer, divisible by 12 ....

new (multiple zeta?) numbers at 8 loops ? exact expression ?
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S-loop results first found using integrability

|Banjok, Janik 11]

confirmed later by more standard QFT methods

| Velizhanin; Eden et al 12]

very recent progress:

6-loop term: derivation from TBA [Leurent, Serban, Volin 12]
6- and 7-loop terms: from Luscher corrections approach

[Banjok, Janik 12] (8-loop result is to appear....)

Suppose one can sum up (convergent) A < 1 expansion
and then re-expand at A > 1

What one should expect to get for v(A > 1)?
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Duality to string theory predicts the structure
of strong-coupling expansion:

leading term — near-flat-space expansion for fixed quant. numbers
[Gubser, Klebanov, Polyakov 98]

A=\/2N\/X+... =2+ v(A)

Subleading terms: o = 71_X expansion of 2d anom. dimensions
of corresponding vertex operators [Roiban, AT 09] (N = 2)

by by
2V - \/_ TUNE (\/_)5/2

4 : bl | b2 : b3 |
2\5[1 C2VA 2(WN2 2(WA)3 ]

Values of by from string theory? From TBA? th ey match?

Y(A > 1)
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Dimensions of “short” SYM operators
= energies of quantum string states

find leading o/ = —= corrections to energy of

v

“lightest” massive string states on first massive string level
dual to operators in Konishi multiplet in SYM theory
— compare with predictions of TBA approach

important to check integrability-based approach
which involves subtle assumptions
directly against perturbative string sigma model
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by by b3

yA>1) = 2ﬁ+ﬁ+(ﬁ)3+W+m

TBA results:
start at weak coupling for s1(2) Konishi descendant Tr(®D?®)

use TBA to find A(\) numerically;
match to expected form of strong-coupling expansion to extract by,

[Gromov, Kazakov, Vieira 09; Frolov 10, 12]
bl ~ 1.988 . bg ~ —3.07

Compare to string theory:
One can find by using semiclassical “short string” expansion
[Roiban, AT 09, 11; Gromov, Serban, Shenderovich, Volin 11]

b1:2, bgza—3C3

rational @ was found [Gromov, Valatka 11] using “2-loop™
coefficient in exact slope function E? = h(\)S [Basso 11]
1

— i B3 6.
5 (3

Remarkable agreement with TBA - check of quantum integrability

bo
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by 4 by i b3 i
AT A C

Recent work on string side: [BGMRT 12; BT12]

yA>1) = 2VA+

e highest transcendentality terms in by
are ~ (or_1 and have 1-loop origin, e.g.,

bs = a1 + as(3 + as(s

rational a1 receives contribution from 3 loops; as from

2-loops, etc.; by ~ (7 + ..., etc.

e supermultiplet structure: universality of coefficients in £
for string states with spins in different AdS5 x S° directions:
dual operators from Konishi multiplet have same energy

(up to constant shift depending on position in the multiplet)

e states on leading Regge trajectory:
general structure of dependence of energy on
string tension VX, string level (spin) and S° orbital momentum .J

Monday, 3 December 12

57



Some open questions:
e Analytic form of strong-coupling expansion from TBA?

e only (i coefficients in A(\) in both

weak and strong coupling expansions

or other transcendental constants appear?

(ct. cusp anomalous dimension)

|2-loop string computation may shed light on this ...]

e Asymptotic form of strong coupling expansion:

e~*VX corrections to cusp dimension

absent for short strings / operators like Konishi?
[no such corrections in slope function; no massless S® modes]

e Energies of other quantum states: general structure of spectrum?
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Some details:

Konishi multiplet:
long multiplet related to singlet |0, 0, 0] 0y by susy

[JQ — J3: Jl — J2: JQ T ']3](SL>3R)

sL,r = (51 % S2)

SO(6) (J1,Ja, J3) and SO(4) (S1, S9) labels
of SO(2,4) x SO(6) global symmetry

A=RBog+ 54X}y Do= 253530510
same anomalous dimension ~ for all members

singlet eigen-state of anom. dim. matrix with lowest eigenvalue
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Examples of gauge-theory operators in Konishi multiplet:

[0, O, 0] (0,0)1
Tr(®;®;), i=1,2,3, Ag =2

[2, 0, 2] (0,0)2
Tr([®1, ®5]?) in su(2) sector, Ag = 4

[0, 2, O](l,l)l
Tr(®1D?*®;) in sl(2) sector, Ag=4
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>
S

% [0’ 0, 0] (0,0)

T [ 0,014, +L,0,0] 3 o)

3 [0, 0,0](%_’%) +[0,0,2](0,0y + [0,1,0]0,1)+(1,0) + [1, 0, 1](%_,73) + [2,0,0](0,0)

5 | 001 0 1g,0+3,0 T O Lo 1+a,) + 1000, 4)+0,8)+a,1) T (10,21 0)
+[1,1, 0](%’0)_*_(_%’1) + (2,0, 1](0’_%)

1

0,0,00,00+02+1,0+@0 +10.0.2l1 4)13,4) 10104, 113, )+, 5 11202
+[0, 1, 2](1,0) + [0,2, 0]2(0,0)+(1,1) + [1,0, 1] (0,0)+2(0,1)+2(1,0)+(1,1) + [1, 1, 1]2(%&) + [2,0,

+
+
+
+

0,1, 2
0,3,0
o P A

2.0, 2

6 | 10,0,0]3(0,0)+3(1,1)+(2,2) +[0:0:2]301 1y, (1 3y, (3 1),(3 3)+[0, 1,001 1),001 3,93

(0,00+2(0,1)+2(1,0)+(1,1) T (0,2, 013(0,0)+(0,1)+(0,2)+(1,0)+3(1,1)+(2,0) T [0,2,2] (1 1
a(1,1) 1 10,4,0](0,0) + [1,0,1)0,0)+3(0,1)+3(1,0)+4(1,1)+(1,2)+(2,1) T [1,0,3] 1 1,

. H+23.9+23.H T L2 Hoo+ron+a0 + 20034 4)+4,$H)+3.H+G,
0,0+(1,1) +[2,1,00(0,0)+2(0,1)+2(1,0)+(1,1) +[2,2,0](1 1, +[3,0,1](1 1) +[4,0,(

0,0, o, 4)+0,r+1,4) + 01 U 04,1 + 1004 00+(4,0+3.00 + [1:0: 20,3
+[1, 1,0](0,11,)+(1,%) +12,0, 1](%,0)

9 [0, 0, O](%L%) T [Oa Oa 2](0,0) 5 [O’ 170](0,1)-{-(1,0) T [1’0, 1](%,%) T [2a 0, 0](0,0)

% [030’ 1](%,0) T [130’ 0](0

3)

10 [0’ 09 O] (0_,0)

Table 1: Long Konishi multiplet (part of it)
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Comparison between gauge and string theory states:

e \ K 1: gauge-theory operators built out of free fields,
canonical dim. Ag determines operators that can mix

e A\ > 1: 1n near-flat-space expansion string states built out of
free oscillators, level NV determines states that can mix

(1) relate states with same global charges
(11) assume direct interpolation (no “level crossing™) for states with
same quantum numbers as A changes from small to large values

e Konishi operator dual to
“lightest” among massive AdSs x S° string states

o large V) = R

x

“short” strings probe near-flat limit of AdSs x S°
e members of supermultiplet:
strings with spins/oscillators in different AdSs x S* directions
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String spectrum in AdSs x S° :
long multiplets of PSU(2,2|4)

highest weight states:
Jo — Js3, J1 — Ja, Jo + J3 .

91 .9 — %(Sl i SQ)

59)

Flat-space string spectrum can be re-organized

in multiplets of SO(2,4) x SO(6) C PSU(2,2|4)
| Bianchi, Morales, Samtleben 03; Beisert et al 03]
SO(4) x SO(5) C SO(9) rep.

lifted to SO(4) x SO(6) rep. of SO(2,4) x SO(6)

Konishi multiplet:
K=1+Q+QAQ+..)[0,0,0]q,o
determines the “floor” of 1-st excited string level

Z?IO:O [0? J, 0](0,0) x K
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Examples:

e folded string with spin .S; and momentum .J:

51= o} =72 — [0,2,0](1,1), Ag =4

e folded string with spin .J; and momentum .J:

I =i = — 2,0,2]0,00, Ao=4

e circular string with spins .J; = Jo and momentum .J:
Ji=J=1,J=2 — [0,1,2]0,0), Ao=6

e circular string with spins S1 = S2 and momentum .J:
Sl =52=1,J=2 — [0,2,0](0,1), A0=6

e circular string with spins S7 = .J; and momentum .J:

o Sdii= b d =% 3 [1,1,1](11), Ao =06
272

Footprints of Konishi multiplet in semiclassical string ?

folded in AdS, folded in RxS? pulsating RxS? pulsating AdS,
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Vertex operator approach
calculate 2d anomalous dimensions from “first principles™—
superstring theory in AdS5 x S° :

I = \4/_ d*o [OYpéY” AN =8 Xy 4 fermions]
w
Y -Yi+Yi+. . +Yi=-1, Xi+..+X:=1

construct marginal (1,1) operators in terms of Y, and X,
e.g. vertex operator for dilaton (in NSR framework)

Vo= 5= (X)) —OYP{T)Y” + 0XkOX} + fermions]

Xm:Xl-l-LXQNC

1
2= 24 = [A(A = 4) = J(J +4)] + O

1.e. A =4+ J (BPS)

1
(V)2 )
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Vertex operators = eigenstates of 2d anomalous dimension matrix
particular linear combinations like

Vo= [y kemy..mos Xky Xk 8Xm1 5Xm2 "'aXm23_1aXm2s

their renormalization studied in O(n) sigma model [Wegner 90]

simplest case: fg,..k, Xk,-.-Xk, With traceless f, ...k,

h-w.rep. Vy= (X)), F=2 \1/_J(J+4)

AdSs x S® : candidates for operators on leading Regge trajectory:
L A J/2 — .
VJ — (Y_|_) (8anXx) ) X:r p— X]_ + ’lXQ

Vs = (Y1) 2 (8YudYa)™?,  Yu=Yi+iYs

+ fermionic terms
/ 1 . . . .
+a’ ~ —= terms from diagonalization of anom. dim. op.

— mixing with ops with same charges and dimension
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General structure of dimension/energy A = E
marginality condition — condition on quantum numbers ();
Q = (E(X), S1,82; J1, J2, J35...); N =3,a:Q; =level

0 = 2N 4 \}X(ZcijQin + ZL: Cz’Qi)

i,J

?:’j7k

States on “leading Regge trajectory’”: (max spin for given E)
marginality condition: @ = (E,.J; N), N=spin
1

0 =2N - \/X(—EQ—FJQ—I—T?JOQNQ—I—HHN)

| Aot ° N 4 finaN° + 10N 4+ 1 N)—I—...
(\/X)Q( 01 03 2 21

| Cijk Qi Q@ + ;i QiQ; + c; Qi) + ...
W)Q(ZJ : Z : Z )
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solution for E? takes form [Roiban, AT 09, 11; BGMRT 12]

E2 = 2{/AN + J% + nggN? +ny: N
1
o = ilyss TN EnaaN°® LnpN® LngiN
\/X( 01 03 12 21N)

+ (511.]2]\7 + 102J2N? + noa Nt + n1aN3 + ngaN? + na1lN) + ...

1
(VA)?

Expanding in large v/ for fixed N, .J

E:\/Qx/XN[1+ﬂ+ . +O( 1)3)] = 2+ (M)

VA (V)2 (VA
Al = 4};\{ .]2 -|— %(nogN -+ 7?,11)
Ay = —§A% -+ 1(7101J2 = 7103]V2 + n1oN + 7121)

Gives strong-coupling dimension of dual SYM operator
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States on 1-st excited superstring level: N = 2
Konishi multiplet states: N = 2, J = 2

) 1
E = \/_[ +ﬁ+(ﬁ)2+0( )]

b1 =1+ no2 + %7111
by = —4b% + 2n01 + 2no3 + n1o + %72,21

coefficients ng,, =? — use semiclassical “short string”” expansion:
e start with solitonic string carrying same charges

as vertex operator representing particular quantum string state

e perform semiclassical expansion: v\ > 1

for fixed classical parameters N’ = \/I—N J = \/—

e expand F in small values of N,

e re-interpret the resulting £ in terms of N, .J: get ng,

Key point:  limit N/ = —\‘% — 0, J= % — 0

corresponds to v/ > 1 for fixed values of quantum charges N, .J
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Results: for several states on leading Regge trajectory

B2 — 2\/1XN £.52 SN b N

- ﬁ(nmJQN + noaN° 4+ n1aN? + n21 NV )
- : (511J2N + 702 J°N? + noaN* + n1aN°> + noaN? + n31N)
(VA)?
5 ! (7701J4N+ﬁ21J2N+7112J2N2+n05N5—|—...) 3 e
(V)3

e no1 =1, no1 = —7, ... from near-BMN expansion (J < v/A)

E*=J2+2NVA+ 2+ .. =2+ NVA+ 2=+ )
e “tree-level” coeffs no2, n0o3, no4, ... are all rational

e leading 1-loop 7211 is rational [Roiban, AT 09; Gromov et al 11]
e n11 = —nii, 1.e. in general [ BGMRT 12]

b =2V 4+ T2+ 3 + Sx(n2ar +7nJ* +..) + ...
2
ho = n(l)_g:fg + %(mz + 12 T2 + )ik s

e ni2=njo—3(3,  nis = —3 — 2nos3 is rational
[Tirziu, AT 08; Roiban, AT 09; Gromov-Valatka 11]
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Conclusions

e progress in understanding of AdSs x S° string spectrum

or spectrum of conformal N' = 4 SYM operators

e agreement with numerical results from TBA:

non-trivial check of quantum string integrability '

e prediction of transcendental structure of leading coefficients:
reproduce them by an analytic solution of TBA at strong coupling?
e cvidence of universality of some coefficients in strong coupling
expansion of dimensions of states on leading Regge trajectory

e cxact results for leading “slope” functions

e need systematic study of quantum string theory in AdSs x S°
in near-flat-space expansion

e still need first-principles solution for

spectrum of AdSs x S° superstring = spectrum of N = 4 SYM
based on integrability

... 1t now seems within reach...
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Progress in other directions:

® Pohlmeyer reduction: towards |st-principles
solution of string theory -- from GS superstring
action to gauged WZW + integrable potential
(i) resolution of non-ultralocality problem and

possible lattice version!?

(i) exact S-matrix as g-deformation of magnon S-
matrix; 2-parameter generalization of TBA

AdS, x CP?
® Similar TBA solution for other AdS3 x 8% x T*

AdSy x 8% x T
® 3-point functions for “long” operators
using integrability
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Minkowski AdSs xS°® | AdSs x CP3 | AdS; x S® | AdS; x S x S§3
super-Poincaré PSU(2,2|4 OSP(6|2,2 .
pLof‘)entz SO(1,4§><SIO)(5) U(3)x(S(|)(1,)3) PSU(l’ 1|2) D(2, 1 0‘)

Table 1: Supercosets and their applications in string theory. The supercosets and supergrou
in the lower row describe a supersymmetrized version of the geometries in the first line.
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