Eynard-Orantin invariants and Cohomological field theories
Lorne, December 2012.
Paul Norbury
Melbourne



Outline

v

Eynard-Orantin invariants

v

Cohomological field theories

v

Givental's viewpoint of CohFT

v

Geometric relation between Givental and Eynard-Orantin



Eynard-Orantin invariants

Input : Riemann surface C, meromorphic x,y : C — C
dx has simple zeros, disjoint from zeros of dy.
Output : meromorphic multidifferentials w3 (p1, ..., pn), pi € C

Defined recursively: w? = ydx

Swg (1, s Pn) = //\(P)wf+1(p, p1, ..., Pn) <= variation of (C,x, y)
7(p)

ws(p1, ..., pn) are generating functions for enumerative problems.
1. x= y2—intersection numbers on ﬂgm, EO, K.
2. x =logy — y—simple Hurwitz numbers BEMS, ELSV.
3. xy — y? = 1—Belyi Hurwitz problem, N, K.
4. x = 2 cosh y—stationary GW invariants of P!, NS/DOSS, OP.



AIM: Find context for Eynard-Orantin invariants

Theorem (Dunin-Barkowski, Orantin, Shadrin, Spitz 2012)

Semi-simple cohomological field theories are equivalent to
Eynard-Orantin invariants of local curves.

Theorem (N., Scott g = 0,1, DOSS g > 1)

For the curve x = z+ 1/z,y = Inz an analytic expansion of
w5 (p1, ..., Pn) around a branch of x; = oo is

n ]P)l n i
Q& (x1, ..., Xp) = Z <H Tbl.(w)> . H %dxi.
i=1 Xi

b g i=1 i

NS and DOSS proofs are indirect.



Cohomological field theories

» Vector space (H,n) and a sequence of S,-equivariant maps
lg.n: H?" — H*(Mg,p)
which satisfy compatibility conditions from inclusion of strata:

Mgy m+1 X Mgy 1 — Mgy tg5 m+1

» Examples:
> Ig.n € HY(Mg,5) = 2D topological field theories
» dim H =1 = I; , determined by an element of H*(M ,)
» Gromov-Witten invariants (lose information ... but equivalent)
> Myn(X,d) = {72 (E,pr,.pn) “E5 7 XY/ ~
> s HO" = HY(X)®" 25 H* (Mg, a(X, d)) — H* (Mg,n)
» Correlators: ki e N, e, e H,v=20,....N—1

(e (€)= / lon(Ens o ev, Hw

Mgn



Partition function

> Fe({ti}) = <eXPZTk(tk)> for ty = tle,
k=0

g
> Examples

2 3n 32ttt tnt
F= 20 0 0°1 0 0 L (t =0
o o—z 1 "6 25 .8 (8 =5
t3)%t t t
’FOZ%—&-expt&—i——(;) +Z2+"'

» Properties:

(DE) 5'0’1F0 = —-2F+ Z t;:a,,’kFo
k=0

1 o0
k=0
(TRR) aoz,k—l—laﬁ,la'y,mFO = 8067/(8#70/:0 . ’r]‘m/ . 657/8 ,mau,OFO



Givental's viewpoint

Represent genus 0 partition function geometrically.

OF OF
H(h R ) D L= {to+ tih+ .. + =—2h '+ —2h 2+ ..}
Oty oty

(tk = trey)

hTL C TL < Fg satisfies SE, DE, TRR
L determined by a section, the J-function J: H — L



Geometric relation between Givental and Eynard-Orantin

Follow K. Saito, Dubrovin, Barannikov

» (C,x), affine curve and holomorphic function x : C — C
» Milnor ring R, = CIPl where dx 1(0)=D c C
» any R-module N defines a quotient ring R — R/Ann N
» R, defined by the C[C]-module H°(K¢)/(dx)
» space of deformations {(C;, x¢),t € H} with T:H 5 Ry,
Examples: v = Oy Xt
» C rational

» x¢(z) = 29 + tg_22972 + ...+ to, R, = C[z]/x[(z) (Sabbah)
» x(z2) = (29 + ty_1z297 + ..+ 1) /Z¥, R, = Clz,z71]/x/(2)

» C elliptic, x = p(z), Weierstrass p-function

x=p(z), Ry =Clpl/(~4¢° +ap + b)

dim H = 3 = must deform x and C
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metric on H = R, defined by differential dy on C,
(no zeros in common with dx)

dy - qd
(p.q) = Res P22

X=00 d.

,  P,q € Rx

locally free sheaf E over H x C*

» E; = sheaf of 1-forms over C;
» flat connection VEM depending on h

H((h,h™1)) = {s € T(M, E @0,,((ny) Om((h, h"1))|Vs = 0}
>~ T,H® C((h,h 1))

L C H((h,h™1))
» ruled by embeddings E, C H((h, h™1))



Conclusion

v

Givental: £ C H((h,h™1))

Eynard-Orantin: (C,x, y)

Constructed £ C H((h,h~1)) from (C,x,y)

Need to prove that this contruction realises DOSS
Proven for GW(pt) and GW/(P*)
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