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The periodic Temperley-Lieb algebra TLPy(«, 3)

A connectivity is a set of non-intersecting curves connecting 2N
nodes, N on the top and N on the bottom of a periodic strip.

The product between connectivities is given by

: L, 7 =S
i f‘“ﬁi”mJﬁ\\ ~
TN VN~

TLPN(«, B) is the vector space generated by connectivities and
endowed with this product.
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The algebra TLPn(«, 3)

The Temperley-Lieb algebra can be generated by
12 N

2 N
~

ei: N N 60:

T v R

Any connectivity is obtained by a multiplication of some generators.
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The algebra TLPn(«, 3)

The Temperley-Lieb algebra can be generated by
12 N

2 N
~

ei: N N 60:

O/ // N SN

Curves can wind around the cylinder indefinitely, so TLPy(«x, ) is
infinite dimensional!
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The algebra TLPx( e, B)

The definition of the product can be done in terms of the generators:

e = Pe; Qe Q' =eiy,
eiei+18; = €; en—16eN—2...e261 = Q%
eiej = ejé; (I *]| >1) €163...6N—_26N_1 = QizeNfl
eN = €0 EQ*'E = oF

oo '=0"'a=id (where E = epees...en—2)



The Temperley-Lieb algebra The link representations The XXZ representation Jordan structure
[e]e] o] [e]e) 000000 (o]

The algebra TLPx( e, B)

The definition of the product can be done in terms of the generators:

e = Pe; Qe Q! =,
eiei+18; = €; en—16eN—2...e261 = Q%
eiej = ejé; (I *]| >1) €163...6N_26N_1 = QizeNfl
eN = €0 EQ*'E = oF
Qo '=0"'a=id (where E = epees...en—2)

(e2)* = i - = Pez

D @ (¢
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The algebra TLPx( e, B)

The definition of the product can be done in terms of the generators:

e? = PBe; Qe =ey,
eiei+16; = ¢ en—1eN—2...e061 = Q%
eiej = €;e; (|i *]| >1) €162...6N—26N—1 = _0_726’]\]71
eN = € EQ*'E = «E
QO '=0""'0=id (where E = epesey...en—2)
~
e3ere3 = =i T =e
~




The Temperley-Lieb algebra The link representations The XXZ representation Jordan structure
[e]e] o] [e]e) 000000 (o]

The algebra TLPx( e, B)

The definition of the product can be done in terms of the generators:

1
e? = Be; Qe Q7" =ei_q,
2
eieir16i = € en—1eN—2...e0¢1 = (e
eiej = ejé; (li—jl>1) €163...eN—26N—1 = _0_726’]\]71
en = € EQY'E = «E
1 1 .
QO '=0"'0=id (where E = egerey...en—_2)
S
: : o
6361 = - = . : = 6163
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The algebra TLPx( e, B)

The definition of the product can be done in terms of the generators:

1
e? = PBe; Qe Q™" =eiq,
2
eieir16; = €; eN—_1EN—2...2e1 = Q“eq
eiej =eje; (li—jl>1) e16s...en_sen—_1 = Q%en_1q
eN = €0 EQ*'E = «E
1 1 .
Q0" =0"0Q=id (where E = epepey...en_2)
4T ~
Q€2Q = = =€
. yaa\ Fa
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The algebra TLPx( e, B)

The definition of the product can be done in terms of the generators:

—1
e? = PBe; Qe Q™" = e,
2
€i€j416; = ¢€; EN—-1EN—2...6261 = Q €1
eiej = eje; (|i *]| >1) €163...6N_26N_1 = _0_726’]\]71
eN = €0 EQ*'E = «F
1 1 .
Q0" =0"0Q=id (where E = epepey...en_2)
e3ere1 = E:;ﬁ;:;f L= 0%
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The algebra TLPx( e, B)

The definition of the product can be done in terms of the generators:

e? = PBe; Qe =ey,
eiei116i = € en—1en—2...e001 = Q%€
eiej =eje; (li—jl>1) e1r...en_sen_1 = Q 2en_q
en = e EQ*'E = «F
QO '=0"'0=id (where E = epesey...en—2)
o
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The transfer matrix and Hamiltonian

The transfer matrix and Hamiltonian are elements of TLPy(«, 3).

Transfer matrix:

=
>
2
I
b 2 ¢
b 2 ¢
b 2 ¢

where v | = sin(A—v) // + sinv 4

Hamiltonian:

D ¢
. ¢

N—-1
7 ~ .
H = e = - -+
z ~ .

i=0

Jordan structure
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Link states and the representation p

A representation of TLPy(«, 3) is obtained by defining the link states
and the action of connectivities on link states:

B={aa,.{oNN{axaa NN,
Biz{n“,lnl,“n,\“:}, Biz{““}.

The action of TLPn(«, B) elements on link states:

22 brne )
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Link states and the representation p

A representation of TLPy(«, 3) is obtained by defining the link states
and the action of connectivities on link states:

B={aa,.{oNN{axaa NN,
Biz{n“,lnl,“n,\“:}, Biz{““}.

The action of TLPn(«, B) elements on link states:
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Link states and the representation p

A representation of TLPy(«, 3) is obtained by defining the link states
and the action of connectivities on link states:

B={aan, o {asaaa)iaN (e,
Bﬁz{n“,lnl,“n,\“:}, Biz{““}.

The action of TLPy(«, ) elements on link states:

—d=0
00000000 0 00
00000000 0 00
00000000 0 00
100100 0 00
== (w) 50508080 6 ol
;(2220\ ¢ p;czz “ | 00000000 0 0
00000000 0 070
00000000 0 00
00000002 g %0
00000000 0 0]0

v is the twist parameter.
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p(H) = [

Jordan cells for finite N —  Logarithmic CFT in the scaling limit

‘H in the link representation:

For specific values of «, 3 and v
H is non diagonalizable!
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The XXZ Hamiltonian

The generalized Hamiltonian is given by

N-1
1 > +ov?
Hxxz = > ( > (0f0f+1+0‘70]y+1)
=0
v —0v2 u? +u?
— (ool — ol + 5 (gjoj —id))

* 0 =ihQidy ®---RidyR0" Qidy ®idy ® - - - ® idy.

j—1 N—j
* oy = 0y
o Tracts on (€)=, For N =4 [LLLL), [LLLT), 1LLTL), .., [TT1T).
e The usual case is just v =1 and A = uz+2_u’2

Hxxz is diagonalizable for u = ¢'® v = ¢/ and vy, p € R.
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The XXZ representation of TLPy

It can be rewritten as

N—-1
Hxxz = Z &, with

j=0
0 0 0 0
2 2
o =iy ®@idy @+ ®idy ® 8 PR 8 Ridy ®@idy ® - ® idy
-1 0 0 0 0 N—j-1

e Hxxz commutes with 5% = 5 Z] 0 cr

o Let t be the operator that translates all spins one position to the
left. The matrices ;, along with O = v* 't satisfy all the relations
of TLPn(o, B), for B = u?> + u=2,and & = vN + v~ N for N even.
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The XXZ Hamiltonian: an example for N =4

In the spin basis { ..., [TTLL), [TLTL), ITLLT), [LTTL), ILTLT), [LLTT),

ITTTL), TTLT ) ITLT), LTTT), 17T ),

P u? v? 0 0 v 2

tructure

0 0 0 0 0 |0

v 20P4u?) P o v 2 0 0 0 0 0 |0
0 v 2 w+u? 0 o 0 0 0 0 0 |0
0 v 2 0 ultu? ? 0 0 0 0 0 |0
? 0 v 2 v 20+u?) P 0 0 0 0o |0
0 e 0 0 v ? +u"? 0 0 0 0 |0
0 0 0 0 0 0 |ud+u=% 2 0 v 2 [0
0 0 0 0 0 0 v wrrur P 0 |0
0 0 0 0 0 0 0 v 2 +u=?2 2 |0
0 0 0 0 0 0 v? 0 v w’+u?0
0 0 0 0 0 0 0 0 0 0 10
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The XXZ Hamiltonian: an example for N =4

Setting u = é/4(B =0)and v = 1(a = 2), it can be diagonalized:

(=l

|
N
S
N
ooooo% o cococo
()

SHXXngl =

N
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OO © OO
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This is the same as Sp(H)S ™! except for the Jordan block!
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The map 4,

#4: link states with n bubbles — spin states with n down arrows.

(LY =),
(e l)= ooy +u o ley)ITTTT)
= uo[1TUT) + (o) 7' TUTT),
8 (v ) = (wooy +u o o7 (wooy +u oo )|177T)
= (w0 | TLTL) + [TLLT) + ILTTL) + (w0) 2 [1747),
8§ ((AN) = WPy +u o707 )(wooy +u o ey )ITT1T)
= WOt [TTLL) + O ITUTL) + 0 2 LTLT) +u %0 [ LUTT).
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The transformation 7,

Proposition 1

#, is a homomorphism if p = u? + u=2 and a = oM + o N:

i;i\,(eiv) = éiild\,(v) and i;i\,(Qv) = Qiﬁ,(v) for any link state v.

Proposition 2

i, is an isomorphism except if u and v are such that

(N—d)/2
H ((iu)4k+2d.02N . 1) -0
k=1
e p(H) and Hxxz have the same spectrum if B = u? + u~2 and

a=ovN+oN

e When i}'l\, is an isomorphism, p(#) is diagonalizable.
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Jordan cells
(L1)
(20) (22 Two conditions for Jordan blocks:
G1) 63 e 4 is not an isomorphism;
42) (44 e Raising and lowering operators
of U, (sly) commute with Hxxz

53 55 (if ui =1 only).
(64) (66)
75  (77)
B4 (66 (88
65 09 99
(104] [(106)] (10,8) (10,10)
| [AL5) (L7 (11,9 (11,11)
(12,6) [(128)] (12,10) (12,12)

The values of (N, d) where Jordan blocks appear for 3 = 0.




Jordan structure

Jordan cells
(L1)
2,00 (2,2 Two conditions for Jordan blocks:
3,1) (33 e 4 is not an isomorphism;

Y ¢ Raising and lowering operators
42) @4 of U,(sly) commute with Hxxz
63) (55) (if u** =1 only).

64)  (66) Thank you
75 (7.7) for your attention!
84) (86) (88

5 07 099
04) (10,6) (10,8) (10,10)
(11,5) (11.,7) (11,9) (11,11)
L (12,6) (12,8) (12,10) (12,12)

The values of (N, d) where Jordan blocks appear for 3 = 0.
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