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canonical numerical analysis problems.

@ The answer to each was a real number. Trefethen sought 10 sig.
digits for each problem. The 100 digit challenge.

@ $100 for the best entry. Ninety-four teams from twenty-five
countries submitted.
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@ In SIAM News, January 2002 L N Trefethen presented 10
canonical numerical analysis problems.

@ The answer to each was a real number. Trefethen sought 10 sig.
digits for each problem. The 100 digit challenge.

@ $100 for the best entry. Ninety-four teams from twenty-five
countries submitted.

e Twenty succeeded, so a donor W J Browning added $1900 to the
prize pool.

@ See The SIAM 100 digit challenge: A study in high-accuracy
numerical computing by Bornemann et al. (2004)
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In STAM News, January 2002 L N Trefethen presented 10
canonical numerical analysis problems.

The answer to each was a real number. Trefethen sought 10 sig.
digits for each problem. The 100 digit challenge.

$100 for the best entry. Ninety-four teams from twenty-five
countries submitted.

Twenty succeeded, so a donor W J Browning added $1900 to the
prize pool.

See The SIAM 100 digit challenge: A study in high-accuracy
numerical computing by Bornemann et al. (2004)

Also J Borwein in Mathematical Intelligencer 27 (2005)
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Problem 10

A particle at the center of a 10 x 1 rectangle undergoes Brownian motion (i.e.,
two-dimensional random walk with infinitesimal step lengths) until it hits the
boundary. What is the probability that it hits at one of the ends rather than at
one of the sides?

Figure 10.1. A sample path hitting at the upper side.
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@ Many attempts at solving this, including
Monte Carlo: A sample size of 10% gives an estimate 4 x 107",
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Monte Carlo: A sample size of 10% gives an estimate 4 x 107",

@ Approximate Brownian motion by a simple random walk and
make the mesh size small.

@ Can be recast as discrete Laplace equation with Dirichlet
boundary conditions.
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@ Many attempts at solving this, including
Monte Carlo: A sample size of 10% gives an estimate 4 x 107",

@ Approximate Brownian motion by a simple random walk and
make the mesh size small.

@ Can be recast as discrete Laplace equation with Dirichlet
boundary conditions.

@ We asked the same question for the scaling limit of SAW (joint
work with Tom Kennedy, Arizona).
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@ The solution in the Brownian motion case is the harmonic
measure of the end w.r.t the rectangular domain.
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@ Harmonic measure of a bounded domain in R” (n > 1) is the
probability that a Brownian motion started inside a domain hits a
portion of the boundary.
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@ The solution in the Brownian motion case is the harmonic
measure of the end w.r.t the rectangular domain.

@ Harmonic measure of a bounded domain in R” (n > 1) is the
probability that a Brownian motion started inside a domain hits a
portion of the boundary.

@ What value does the harmonic measure of the ends of a 10 x 1
rectangle take at the centre?
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@ The solution in the Brownian motion case is the harmonic
measure of the end w.r.t the rectangular domain.

@ Harmonic measure of a bounded domain in R” (n > 1) is the
probability that a Brownian motion started inside a domain hits a
portion of the boundary.

@ What value does the harmonic measure of the ends of a 10 x 1
rectangle take at the centre?

@ Can be solved by finite-difference methods and convergence
accelaration. p = 3.837587979 x 10~".

Self-avoiding walks in a rectangle
S




Introduction

HoOw DOES THE HITTING DENSITY TRANSFORM?

@ Let iip(z) denote the hitting density w.r.t. arc-length of the
domain. (Poisson kernel).
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HoOw DOES THE HITTING DENSITY TRANSFORM?

@ Let iip(z) denote the hitting density w.r.t. arc-length of the
domain. (Poisson kernel).

@ Let f be a conformal map on D that fixes the origin, and s.t. the
boundary is piecewise smooth.

@ Then conformal invariance relates the density for harmonic
measure on the boundary of f(D) to the boundary of D by

hp(2) = If' (2)lhy () (f (2)-
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HoOw DOES THE HITTING DENSITY TRANSFORM?

@ Let iip(z) denote the hitting density w.r.t. arc-length of the
domain. (Poisson kernel).

@ Let f be a conformal map on D that fixes the origin, and s.t. the
boundary is piecewise smooth.

@ Then conformal invariance relates the density for harmonic
measure on the boundary of f(D) to the boundary of D by

hp(2) = If' (2)lhy () (f (2)-

e For SAW, let the corresponding probability density be p(z). Then
Lawler Schramm and Werner calculated that under a conformal
map

pp(2) = clf' () o) (f(2)),
where b = 5/8. (More generally b is related to «.)
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@ Starting at the centre of a disc, it is clear that the hitting density
is uniform on the boundary.
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@ Starting at the centre of a disc, it is clear that the hitting density
is uniform on the boundary.

@ So these equations determine the hitting density for any simply
connected domain
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@ Starting at the centre of a disc, it is clear that the hitting density
is uniform on the boundary.

@ So these equations determine the hitting density for any simply
connected domain

@ For non-rectangular domains, there is a lattice effect that persists
in the scaling limit — producing a factor that depends on the
angle of the boundary tangent that must be included.
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Introduction

@ Starting at the centre of a disc, it is clear that the hitting density
is uniform on the boundary.

@ So these equations determine the hitting density for any simply
connected domain

@ For non-rectangular domains, there is a lattice effect that persists
in the scaling limit — producing a factor that depends on the
angle of the boundary tangent that must be included.

@ We use a map between the upper half plane H and an a X ¢
rectangle.
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Mapping of H to a rectangle. f(z) = [, Je \/ —
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@ The Schwarz-Christoffel transformation mapping H to ana X ¢
rectangle as shown is

9=} ey
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@ The Schwarz-Christoffel transformation mapping H to ana X ¢
rectangle as shown is

/ V1-¢ \/ a? —
@ The corners are mapped so that

f(1) =a/2, f(—1) = —a/2, f(a) = a/2+ic, f(—a) = —a/2+ic.
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@ The Schwarz-Christoffel transformation mapping Htoan a x ¢
rectangle as shown is

/ V1-¢ \/ a? —
@ The corners are mapped so that

f(1) =a/2, f(—1) = —a/2, f(a) = a/2+ic, f(—a) = —a/2+ic.

e So

/1 dx /a dx
a= , C= :
V1 —x2Va2 — &2 1 Va2 —1Va?2 —x2
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@ The Schwarz-Christoffel transformation mapping Htoan a x ¢
rectangle as shown is

/ V1-¢ \/ a? —
@ The corners are mapped so that

f(1) =a/2, f(—1) = —a/2, f(a) = a/2+ic, f(—a) = —a/2+ic.

e So

/1 dx /a dx
a= , C= :
V1 —xWa? -2 1 Va2 —1Va? — 2
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e The aspect ratio r = a/c, so

2K(1/a)
K'(1/a)’

r =
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e The aspect ratio r = a/c, so

@ The nome g is defined ¢ = exp(—7K'/K)
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e The aspect ratio r = a/c, so

@ The nome g is defined ¢ = exp(—7K'/K)

—27/r

@ Soe = g, which can be solved to give

o= (22)"
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e The aspect ratio r = a/c, so

@ The nome g is defined ¢ = exp(—7K'/K)

2x/r

@ Soe” = g, which can be solved to give

o= (22)"

@ So « can be evaluated for any » > 1 numerically. Asymptotically

7r = 4log(2v/2) —2log(a—1)+(a— 1)—%(a—1)2+0(a—1)3.

Solving this numerically for r = 10 gives
a = 1.00000120561454706472212 . . ..
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@ We need walks from the centre of the rectangle to the boundary.
By symmetry, the preimage will be on the imaginary axis in H.
Call it id.
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@ We need walks from the centre of the rectangle to the boundary.
By symmetry, the preimage will be on the imaginary axis in H.
Call it id.

@ From the S-C mapping f(z) fo \/@df/ﬁ ,setu = —i€,

giving ic/2 = f(id) = i [ .
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@ We need walks from the centre of the rectangle to the boundary.
By symmetry, the preimage will be on the imaginary axis in H.
Call it id.

@ From the S-C mapping f(z) = [; ﬁ, setu = —ig,

S . . rd
giving ic/2 = f(id) = i |, ﬁ.

@ This integral is an (incomplete) elliptic integral of the second
kind, from which we find d = \/a.
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@ We need walks from the centre of the rectangle to the boundary.
By symmetry, the preimage will be on the imaginary axis in H.
Call it id.

@ From the S-C mapping f(z) = [; setu = —ig,

d¢
V1= a2—¢’
S . . rd
giving ic/2 = f(id) = i |, ﬁ.
@ This integral is an (incomplete) elliptic integral of the second
kind, from which we find d = \/a.

@ We can also obtain this result by geometric arguments, rotating
the rectangle and invoking symmetry arguments.
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CALCULATING THE HITTING DENSITY

@ The hitting density for Brownian motion or the scaling limit of
SAW starting at the centre of a disc is clearly uniform on the
boundary.

Self-avoiding walks in a rectangle
S




Introduction

CALCULATING THE HITTING DENSITY

@ The hitting density for Brownian motion or the scaling limit of
SAW starting at the centre of a disc is clearly uniform on the
boundary.

@ Take D to be H and f to be the conformal map from D to the unit
disc, (sending i to 0), then py(p) is constant.
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CALCULATING THE HITTING DENSITY

@ The hitting density for Brownian motion or the scaling limit of
SAW starting at the centre of a disc is clearly uniform on the
boundary.

@ Take D to be H and f to be the conformal map from D to the unit
disc, (sending i to 0), then py(p) is constant.

@ So the exit densities are just proportional to |f’(z)|”.
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CALCULATING THE HITTING DENSITY

@ The hitting density for Brownian motion or the scaling limit of
SAW starting at the centre of a disc is clearly uniform on the
boundary.

@ Take D to be H and f to be the conformal map from D to the unit
disc, (sending i to 0), then py(p) is constant.
@ So the exit densities are just proportional to |f’(z)|”.

@ Butf(z) = %, and for z real, (z = x), we have |f'(x)| =

z—i 2
z+i’ X241
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CALCULATING THE HITTING DENSITY

@ The hitting density for Brownian motion or the scaling limit of
SAW starting at the centre of a disc is clearly uniform on the
boundary.

@ Take D to be H and f to be the conformal map from D to the unit
disc, (sending i to 0), then py(p) is constant.

e So the exit densities are just proportional to [f’(z)[®.

e Butf(z) = ?—;, and for z real, (z = x), we have |f'(x)| = ﬁ
e If instead the walk starts at z = i/, (rather than z = i), then by
scaling the hitting density is proportional to (x> + ) ~?.
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@ So the hitting density for a walk starting at the centre.

(% + @)™ o< [f ()" pr(£ (2))-
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@ So the hitting density for a walk starting at the centre.

(% + @)™ o< [f ()" pr(£ (2))-

@ The probability ratio R(c, b) is the ratio of the integral of pg(z)
along a vertical edge to that along a horizontal edge,

Jo pr(a/2 + iy)dy
R(a,b) = .
( ) ff{jz PR (x)dx
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@ So the hitting density for a walk starting at the centre.

(% + @)™ o< [f ()" pr(£ (2))-

@ The probability ratio R(c, b) is the ratio of the integral of pg(z)
along a vertical edge to that along a horizontal edge,

Jo pr(a/2 + iy)dy
R(a,b) = .
( ) ff{jz PR (x)dx

® Setu =f""(x) (denominator), u = f~'(a/2 + iy) (numerator),
R(a,b) = f11 PR(f(M))[f'(u)Mu'
JZ1 pr(f () If (1) |du
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@ So the hitting density for a walk starting at the centre.

(¥ + )™ o< |f (0)"pr(£(2))-

@ The probability ratio R(c, b) is the ratio of the integral of pg(z)
along a vertical edge to that along a horizontal edge,

Jo pr(a/2 + iy)dy
R(a,b) = .
( ) ffﬁiz PR (x)dx

e Setu = f~!(x) (denominator), u = f~!(a/2 + iy) (numerator),
I R ) If )l

J2 pr(f () ()l
@ Recall that f'(u) = (1 — u?)~/2(a® — u?)~1/2, 50
2@+ @) — 1) (a2 — )0y
S+ @) b(1— 12)6-D/2(02 — i) 6D 2du

R(a,b)

R(a,b) =
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RANDOM WALK CASE, b = 1.

[P + )~ — 1)E=D/2 (a2 — y2)P=D/2gy
f_ll(u2 +a)7b(1 — u2)=1/2(a2 — uz)(bfl)/zdu‘

R(a,b) =
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RANDOM WALK CASE, b = 1.

[P + )~ — 1)E=D/2 (a2 — y2)P=D/2gy
f_ll(u2 +a)7b(1 — u2)=1/2(a2 — uz)(bfl)/zdu‘

R(a,b) =

_arctan(y/a) — arctan(1/+/ax)
Rle, 1) = 2arctan(1//c) '
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RANDOM WALK CASE, b = 1.

fla(uz o) — 10202 — 1) =D/ 2y

R(er,b) = =5 2 —b 2\(b=1)/2( 2 — 1 2Yb=1)/2;,
S22 )b (1 = u2)0=D/2 (a2 — ) 0=/ 2du

_arctan(y/a) — arctan(1/+/ax)
Rle, 1) = 2arctan(1//c) '

o Easy to calculate the asymptotics the num. and denom.

8 64
R(Oé, 1) _ 7e—7rr/2 + 7€_FV +0 (e—37rr/2) ]
s e
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RANDOM WALK CASE, b = 1.

[P + )~ — 1)E=D/2 (a2 — y2)P=D/2gy
f_ll(u2 +a)7b(1 — u2)=1/2(a2 — uz)(bfl)/zdu‘

R(a,b) =

_arctan(y/a) — arctan(1/+/ax)
Rle, 1) = 2arctan(1//c) '

o Easy to calculate the asymptotics the num. and denom.

8 64
R(Oé, 1) _ 7e—7rr/2 + 728_7” +0 (e—37rr/2) ]
s e

@ For r = 10 this evaluates to 3.8375894519594 . .. x 10~7, which
is correct to 13 significant digits.
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SAW CASE, b =5/8.

flOé(MZ + a)—b(uz _ 1)(b—1)/2(a2 _ u2)(b—1)/2du

R(a,b) = Lo —b 2\(b—1)/2( 02 2\(b—1)/2 4;,
J1 02 4 @) (1 — )00 — )0 2
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SAW CASE, b =5/8.

o
floc(uz + a)—b(uz _ 1)(b—1)/2(a2 _ uz)(b_l)/zdu
f_ll(u2 +a)7P(1 — u2)b=-1/2(a2 — Mz)(b—l)/zdu‘

R(a,b) =

@ These integrals can be done numerically, giving
R(10,5/8) = 6.682989935... x 1072,

some 200 times higher than for Brownian motion.
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SAW CASE, b =5/8.

JEW? + a) 7w — 1D/ (a2 = 12)6=D /2y
R(a,b) = .
0 f_ll(uz 4+ )= (1 — u2)>=D/2(a2 — u2)(>=1D /24y

@ These integrals can be done numerically, giving

R(10,5/8) = 6.682989935... x 1072,
some 200 times higher than for Brownian motion.

@ Asymptotics is relatively straightforward for the leading term,
and we find

2 (1, b)\2
R(rb)~ G2 e
L(1+3)r(3)

ISISH
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SAW CASE, b =5/8.

(]
fla(uz + a)—b(uz _ 1)(b—1)/2(a2 _ u2)(b—1)/2du

R(a,b) = Lo —b 2\(b—1)/2( 02 2\(b—1)/2 4;,
J1 02 4 @) (1 — )00 — )0 2

@ These integrals can be done numerically, giving
R(10,5/8) = 6.682989935... x 1072,

some 200 times higher than for Brownian motion.
@ Asymptotics is relatively straightforward for the leading term,

and we find
i 221 (L4 0)?
R( , )% (i Z)b e 7rbr/2'
I'(1+3)r(3)

o For SAW, R(r,5/8) ~ 1.2263431442¢=>7/16,
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SAW CASE, b =5/8.

]
fla(uz + a)—b(uz _ 1)(b—1)/2(a2 _ u2)(b—1)/2du

R(a,b) = Lo —b 2\(b—1)/2( 02 2\(b—1)/2 4;,
J1 02 4 @) (1 — )00 — )0 2

@ These integrals can be done numerically, giving
R(10,5/8) = 6.682989935... x 1072,

some 200 times higher than for Brownian motion.
@ Asymptotics is relatively straightforward for the leading term,
and we find

2

R( ) ~ ) (% + %) efrrbr/Z

) b b :
I'(1+3)r(3)

o For SAW, R(r,5/8) ~ 1.2263431442¢=>7/16,
e For r = 10 this gives R(10,5/8) ~ 6.6824528 x 107.
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@ To go beyond the leading term is an elaborate calculation,
involving Mellin transforms.
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@ To go beyond the leading term is an elaborate calculation,
involving Mellin transforms.

@ Let

Self-avoiding walks in a rectangle
S




Introduction

@ To go beyond the leading term is an elaborate calculation,
involving Mellin transforms.

@ Let
L (142)°
A= 2
TG
e Then R(r,b) =
22b+1 A A2b+1, —brr/2
4b—1+420N)e ™2+ 0(e7"™)| ,
berr || T bsin (%) 4 T 2A)e o)

forO< b < 1.
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@ To go beyond the leading term is an elaborate calculation,
involving Mellin transforms.

@ Let
r(42)°
A= 2
TG
e Then R(r,b) =
22b+1 A A2b+1, —brr/2
4(b —1+2A —mr/2 O(e ™" ,
be 2 | T psin (%) 4 T 2A)e o)
forO <b < 1.

e This gives R(10,5/8) = 0.00006682989679 - - - which is in
error by 2 in the 8 significant digit.
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TEST THAT THE SCALING LIMIT OF SAW 1S SLEg 3.

@ Enumerate all walks in a rectangle of fixed aspect ratio, as large
as possible.
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TEST THAT THE SCALING LIMIT OF SAW 1S SLEg 3.

@ Enumerate all walks in a rectangle of fixed aspect ratio, as large
as possible.

o Extrapolate the ratio of the (number of walks hitting the end)/(the
number of walks hitting the side) for larger and larger rectangles.
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TEST THAT THE SCALING LIMIT OF SAW 1S SLEg 3.

@ Enumerate all walks in a rectangle of fixed aspect ratio, as large
as possible.

o Extrapolate the ratio of the (number of walks hitting the end)/(the
number of walks hitting the side) for larger and larger rectangles.

@ From the inverse of the above asymptotic result, determine b

which is equivalent to x. (b = % — %.)
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TEST THAT THE SCALING LIMIT OF SAW 1S SLEg 3.

e Enumerate all walks in a rectangle of fixed aspect ratio, as large
as possible.

e Extrapolate the ratio of the (number of walks hitting the end)/(the
number of walks hitting the side) for larger and larger rectangles.

@ From the inverse of the above asymptotic result, determine b

which is equivalent to x. (b = % — %.)

@ We did this for walks in a rectangle of aspect ratio 2 and 10.
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TEST THAT THE SCALING LIMIT OF SAW 1S SLEg 3.

e Enumerate all walks in a rectangle of fixed aspect ratio, as large
as possible.

e Extrapolate the ratio of the (number of walks hitting the end)/(the
number of walks hitting the side) for larger and larger rectangles.

@ From the inverse of the above asymptotic result, determine b

which is equivalent to x. (b = % — %.)

@ We did this for walks in a rectangle of aspect ratio 2 and 10.
@ We find b = 0.624 £ 0.002, so that x = 2.668 £ 0.005.
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HITTING DENSITY DISTRIBUTION

084

0.6

044

Figure: Hitting density, theoretical (b = 5/8) vs. that in a 14
x 28 rectangle.
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CONCLUSION

@ We can calculate the hitting ratio of paths whose scaling limit is
given by SLE,; (x suitably restricted), in a rectangle.
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CONCLUSION

@ We can calculate the hitting ratio of paths whose scaling limit is
given by SLE,; (x suitably restricted), in a rectangle.

@ For Brownian motion (x = 2) we can obtain the exact result,
while for other values of k we can obtain as many digits as any
(reasonable) woman would wish.
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CONCLUSION

@ We can calculate the hitting ratio of paths whose scaling limit is
given by SLE,; (x suitably restricted), in a rectangle.

@ For Brownian motion (x = 2) we can obtain the exact result,
while for other values of k we can obtain as many digits as any
(reasonable) woman would wish.

@ Accurate asymptotics are obtained — which can be improved.
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CONCLUSION

@ We can calculate the hitting ratio of paths whose scaling limit is
given by SLE,; (x suitably restricted), in a rectangle.

@ For Brownian motion (x = 2) we can obtain the exact result,
while for other values of k we can obtain as many digits as any
(reasonable) woman would wish.

@ Accurate asymptotics are obtained — which can be improved.

@ For the scaling limit of SAW we find the probability ratio to be
some 200 times greater than that for Brownian motion.
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Introduction

CONCLUSION

@ We can calculate the hitting ratio of paths whose scaling limit is
given by SLE,; (x suitably restricted), in a rectangle.

@ For Brownian motion (x = 2) we can obtain the exact result,
while for other values of k we can obtain as many digits as any
(reasonable) woman would wish.

@ Accurate asymptotics are obtained — which can be improved.

@ For the scaling limit of SAW we find the probability ratio to be
some 200 times greater than that for Brownian motion.

@ Enumeration work (with Jesper Jacobsen) allows us to use our
results to check that the scaling limit of SAW is consistent with
SLEg 3.
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