Quantum critical phenomena in one dimension
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Review
Fermi gases of ultracold atoms in one dimension

| Gaudin-Yang model - Bethe ansatz solutions
e BCS-BEC crossover: pairing vs bound molecules
e solutions to the Fredholm equations
e highly polarized fermions - fermionic polarons
e highly excited Femionic super Tonks-Girardeau phase
e Quantum phases and phase transitions
e Luttinger liquids and quantum criticality
e spin-charge separation at quantum criticality

e Wilson ratio



Multicomponent Fermi gases of ultracold atoms
e pairing, trions and universal thermodynamics

e spin-3/2 fermions with  SO(5) symmetry

spin-3/2 fermions with  SO(4) symmetry

universal thermodynamics of ~ SU(k)-invariance Fermi gas

e Fermi and Bose mixtures in 1D



Il Conformal field theory and correlation functions
e FFLO pairing correlations
e Correlation functions of 1D two-component repulsive fermi
e universal contact in one dimension

IV Experimental progress

V Concluding remarks
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[I. Quantum criticality

lll. FFLO pairing correlation

IV. High spin symmetry



Yang-Baxter solvable models in physics

The One-Dimensional
Hubbard Model

Fabian H. L Essler, Holger Frahm, Frank G3hmann,
‘Andreas Kidmper and Viadimir €. Korepin
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Experimental measurement of phase diagram of two-component ultracold ®Li atoms
trapped in an array of 1D tubes is in excellent agreement with theoretical predictions.
Liao et al, Nature 467, 567 (2010)



I. Polaron and Molecule states

. Polaron and Molecule states
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C. N. Yang,1967; M. Gaudin, 1967
Olshanii M., Phys. Rev. Lett., 81, 938 (1998)



I. Polaron and Molecule states

@ Bethe Ansatz equations
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I. Polaron and Molecule states

Solutions to the Fredholm equations

@ repulsive interaction
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I. Polaron and Molecule states

@ attractive interaction
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I. Polaron and Molecule states
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Guan, Batchelor, Lee & Bortz, Phys. Rev. B (2007)
Guan & Ma, Phys. Rev. A (2012)



I. Polaron and Molecule states
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I. Polaron and Molecule states

Attraction strength > BEC
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Fermi polaron is a dressed spin-down impurity fermion by the surrounding scattered
fermions in a spin-up Fermi sea. With increasing attraction, the single spin-down fermion
possibly undergoes a polaron-molecule transition in the Fermionic medium.

Zwierlein’s group, PRL (2009)

Kohstall et al, Nature 2012; Koschorreck et al, Nature 2012



I. Polaron and Molecule states

highly polarized fermions - fermionic polarons
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e Spin-up
o spin-down Polaron O Molecule
h2p2
E = E
p(P) b+2m*

McGuire, J. Math. Phys. 6, 432 (1965); 7, 123 (1966)
Gu & Yang, Commun. Math. Phys. 122, 105 (1989)
Guan, Frontiers in Physics, 7, 8 (2012)
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Il. Quantum criticality

Il. Quantum criticality
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Takahashi, Thermodynamics of One-Dimensional Solvable Models



Il. Quantum criticality
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The decision speed and accuracy often increases with the number of decision mak-
ers. Although their individual motions are complex, their collective behaviour acquires
qualitatively new forms of simplicity - collective motion of “particles”




Il. Quantum criticality
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Guan, Batchelor, Lee & Bortz, Phys. Rev. B (2007)

Zhao, Guan, Liu, Batchelor & Oshikawa, Phys. Rev. Lett. (2009)



Il. Quantum criticality
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Il. Quantum criticality
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Il. Quantum criticality
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Orso, Phys. Rev. Lett. (2007); Hu, Liu & Drummond, Phys. Rev. Lett. (2007)
Guan, Batchelor, Lee & Bortz, PRB (2007)



Il. Quantum criticality
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Guan & Ho, 2011; Guan & Batchelor, 2011
Fisher et al, 1989; Zhou& Ho 2010




Il. Quantum criticality
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Local Density Approximation znom (n(X), P(X)) = pi0 — 3Mwix?
(P = 0.015, 0.055, 0.1, 0.33)

Nefo/af = 4 [ i
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Ma & Yang, Chinese Phys. Lett. (2010),(2011)
Orso, Phys. Rev. Lett. (2007)



Il. Quantum criticality
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Ill. FFLO pairing correlations

Ill. FFLO pairing correlations
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@ 1D attractive Hubbard model (Bogoliubov and Korepin, 1988, 1889):

the single particle Green’s function (¢ (1) — € "¢, € =ve /A

the singlet pair correlation function (4] ! 41411 ) = n~’
@ Fulde & Ferrell: Cooper pairs form with finite centre-of-mas S momentum.
@ Larkin & Ovchinnikov: the order parameter oscillates in spa ce.

@ the 1D FFLO state (Feiguin & Heidrich-Meisner, 2007; M. Tezu  ka & M. Ueda
2008): numerical evidence of the power-law decay  n™" oc cos(kero|X|)/[X|*



Ill. FFLO pairing correlations

ground state



Ill. FFLO pairing correlations

Low energy excitations and conformal dimensions

conformal dimensions
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Essler, Frahm, Gohmann, Klumper & Korepin, The One-Dimensional Hubbard Model, (2005).



Ill. FFLO pairing correlations

Pair correlation function
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91~§, 92~2+ 2

—p=0 The spatial modulations are char-
e | acteristic of a Fulde-Ferrell-Larkin-
L —=22h Ovchinnikov (FFLO) state. The
backscattering among the Fermi
points of bound pairs and unpaired
fermions results in a 1D analog of
the FFLO state and displays a mi-

croscopic origin of the FFLO na-

ture.
Lee & Guan, Nucl. Phys. B (2011)
09, pye : s ; Y : s Schlottmann and Zvyagin, 85, (2012)
kO(0,m)



IV. Multicomponent Fermi gases of ultracold atoms

Although high symmetries do not occur frequently in nature, they deserve atten-
tion since every new symmetry brings with itself a possibili ty of new physics.
(Controzzi, and Tsvelik, PRL, 2006)



IV. Multicomponent Fermi gases of ultracold atoms

IV.  Multicomponent Fermi gases of ultracold atoms
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@ Fermionic atoms:  °Li =1, S=1/2; “°K I=4, S=1/2, e.g. the two-component
atomic mixture is created in the lowest two states of °Li atoms (Grimm et al, 07).

@ Realization of a SU(2) x SU(6) system of fermions with ytterbium *"*Yb
(I =1/2) and *™Yb (I = 5/2) atoms (Taie et al, PRL 2010). SU(6) symmetric
Mott-insulator state with 1"*Yb atoms (Taie et al, Nature Phys. 2012).

@ Atomic Fermi gases with multi-component hyperfine states are tunable
interacting many-body systems featuring novel and subtle quantum phase
transitions. (Ho, Yi, PRL (1999); Wilczek(Nature Physics).



IV. Multicomponent Fermi gases of ultracold atoms

Pairing, trions and universal thermodynamics
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Guan, Batchelor, Lee, Zhou, Phys. Rev. Lett. (2008)
Guan, Lee, Batchelor, Yin, Chen, Rev. A (2010)

Kuhn and Forster, New. J. Phys. (2012)



IV. Multicomponent Fermi gases of ultracold atoms
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1IV. Multicomponent Fermi gases of ultracold atoms

Integrable spin-3/2 fermions with  SO(5) and SO(4) symmetries
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IV. Multicomponent Fermi gases of ultracold atoms

Integrable spin-3/2 fermions with  SO(4) symmetry
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IV. Multicomponent Fermi gases of ultracold atoms

Integrable spin-3/2 fermions with  SO(4) symmetry
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IV. Multicomponent Fermi gases of ultracold atoms
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Field-emperature phase diagram of the strong coupling spin-ladder compound (Hpip),CuBr,4 with
Jr = 12.9K, J; = 3.3K (Thielemann et al, PRL, 2008; Ruegg et al. PRL, 2008). The quantum
criticality near the critical point is mapped onto free-Fermi theory with z = 2 and the correlation
length exponent v = 1/2 (Maeda et al, PRL, 2007). In the LL phase, the critical exponents z = 1
and v = 1.

T /mT . h—A)/T
CmZS—VS, M~ — ﬁl—ll/z (—e( )/ ), vs:\/A/m




IV. Multicomponent Fermi gases of ultracold atoms
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The exceptional simple group Eg not only is important for super-string theory but also can be a true
symmetry in a simple Ising magnet. The integrable quantum field theory describes the scaling limit
of T = T¢ Ising model with both transverse and non-zero magnetic field. The quantum Ising model
with transverse field displays Eg symmetry in excitation spectrum. The ratio of the first two bound
state energies as the critical point is approached is close to the golden ratio m, /m; = (v/5 4 1)/2.
(Zamolodchikov 1989; Coldea et al, Science 327, (2010) 177)
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V. Concluding remarks

@ Exactly solved models provide precise understanding of cri tical
phenomena in quantum systems.

© Mathematical theory of this kind has now become testable in e xperiments.
© Mathematical symmetry can reveal true beauty in physics.
© The future is very bright for more breakthroughs in this area
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