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Introduction

Rectangle-triangle random tilings

Random tilings of triangles and rectangles with long side /.

e Square Triangle /\ %

¢ =1, 12-fold.

e Rectangle Triangle \I/'

¢ =+/2, 8-fold.

e Rectangle Triangle /\ %

3
£ = 2 cos 35, 10-fold.




10-fold rectangle triangle tiling
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Introduction

Transfer matrix T

T generates ensemble of tilings by adding a new row of tiles.

The partition sum
z =TT =Y AY,
i

is related to the entropy

o= %Iogz ~ log Amax



Domain walls: 12-fold tiling
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8-fold tiling



10-fold tiling



10-fold tiling
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Bethe ansatz

Bethe ansatz

m Domain walls are interpreted as “world lines” of particles
m The transfer matrix is the evolution operator
m It can be diagonalised using a plane wave ansatz

The solution of the eigenvalue problem has the following form

n m
(H ui_:l + 1> ij7
i=1 j=1

A
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Bethe ansatz

Solution:; 10-fold

n m
[Tullw

=1 j=1
()" H(Ui =) [ Twi +ui —u™),

1=1

j=1
(=)™t H(Ui - V),

H(W| =+ Ui — Ui_l).

i=1



Random rectang

Integral equations

Numerical solution: 12-fold
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Integral equations

Numerical solution: 12-fold
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Integral equations

Logarithmic form

Bethe ansatz in logarithmic form:

Fi(u) = logu + % S log(u — v;),
1
Fa(v) = N Zlog(u. —v)

Fi(ui) = 27iZ Fao(v;) = 27iZ foralli andj.
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Integral equations

Logarithmic form

Bethe ansatz in logarithmic form:

Mz
1
Fi(u) = logu + jz:;log(u —vj),
1 &
Fa(v) = > " log(ui —v)
i=1

Fi(ui) = 27iZ Fao(v;) = 27iZ foralli andj.

In the thermodynamic limit (N — o) the Bethe ansatz equations imply the
following integral equations for the root densities fi(u) := F/(u):

11 [ R(v) ()
fl(u)iu 2 Vv—udv’ f2(v) = 27r| u—vdu




Random rectang ngle tilings and Painlevé VI

Integral equations

=L [ 0,

27i V—u
_ 1 [ h
f2(v) = 2w Jyu —vdu'

These equations are difficult to solve in generality.
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Integral equations

=L [ 0,

27i V—u
_ 1 [ h
f2(v) = 2w Jyu —vdu'

These equations are difficult to solve in generality.

We can show that f; and f, satisfy a system of first order linear differential
equations.
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Integral equations

_1o 1 [ R(v)
fl(u)fu 27ri/vv—udv’

SN 1 C)
f(v) = 27 Jyu—v

du.
These equations are difficult to solve in generality.

We can show that f; and f, satisfy a system of first order linear differential
equations.

The theory of isomonodromic transformations allows us to determine the
exact form of this system, which we can then hope to solve using expansion
and/or perturbation techniques.
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Integral equations

Monodromy

G(z) = a1fi(z) + axf2(z),

The analytic continuation along paths 'y and 'y crossing the curves U and
V can be summarised with the following monodromy matrices:

@6 069
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Integral equations

Differential equation

Note that (1, f;) satisfies a Riemann-Hilbert problem (RHP) with constant

matrices
1 0 1 1
w=(19) w-(o 1)

(B
Y—(fl f;)’

be a matrix solution. After traversing a path , Y (z) has changed to Y (z,)
and we have

Let

Y(2,) = Y(@)M,,

where M,, is the monodromy matrix corresponding to ~.
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Integral equations

Differential equation

Y (zy) = Y(2)M,,

implies that
Y'(2,)Y(z,) =Y (@)Y (2) 7

is monodromy free, and therefore meromorphic around z. So we can write

1o}
SY(2) = A@)Y (2)

where A(z) is analytic everywhere except possibly at the endpoints.
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Integral equations

Differential equation

Y(2,) =Y (@M,

implies that
Y'(2,)Y(z,) =Y (@)Y (2) 7

is monodromy free, and therefore meromorphic around z. So we can write

1o}
SY(2) = A@)Y (2)

where A(z) is analytic everywhere except possibly at the endpoints.

We will assume that A(z) has only simple poles at the endpoints:

The question is: What are the matrices A; for our problem?



Random rectan

Integral equatio

Differential equation

Because infinity is monodromy free we have
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Integral equations

Differential equation

Because infinity is monodromy free we have

Note that due to the specific form of the monodromy, the matrices A; will not
be diagonalisable.
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Integral equations

Isomonodromic deformations

In the general the solution Y (z) of

0
Y@ =AR)Y (@)

will depend on all the parameters b;, i =1,...,4.
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Integral equations

Isomonodromic deformations

In the general the solution Y (z) of

0
SY(2) =AR)Y (),

will depend on all the parameters b;, i =1,...,4.

The matrices Aj = A(b) will have to depend on b as well, and must satisfy
the following consistency conditions:

%Y(z,b) _ Z A(b) LY (2.b),

i=1

0 A.(b)
b, —Y(z,b) =

YD), (i=1..4)
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Integral equations

Painlevé VI

Equivalently, we require the Schlesinger equations

P CAAL
%Ai(b)—m (#i),
J _ [AFAi]
8T)iAi(b) = —%i: bjl— b

Sending by, by, bz and by to 0,1, t, oo, these equations imply Painlevé VI:

(f — D)F(f —1) tt-1)\ 1./ 1 1 1
~ 1y (1+(f—t)2)_§f2(ﬁ+?+ﬁ)

/1 1 1 .
fl—+-4+-—-)+f=0
+ (f—t+t+t—l)+

where f = f(Ao, A1).
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Integral equations

Conclusion

m Bethe ansatz for random tilings = matrix Riemann-Hilbert problem
m Find isomonodromic deformation

m Leads to differential equation with parameter given by Painlevé VI.
m General solution?
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