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Outline

In this talk we will:
@ Discuss the concept of a conformally-superintegrable system
@ Examine the equations that govern a 3-dimensional, second-order,
conformally-superintegrable system.
@ Discuss how (locally) the classification of such systems can be achieved by

6th order polynomial (i.e. root multiplicity

considering the projective invariants of a
and cross ratios).

@ Discuss how algebraic varieties (i.e. polynomial ideals) can be used to describe
global invariants of such systems.
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Hamiltonian Mechanics

For an (autonomous) classical system with Hamiltonian H defined over the symplectic
phase space (p, x) there is the Poisson bracket {-, -} with the properties

Poisson Bracket
., OaOb 0a Ob
° {2 b =i 5 o o o
daX

° I:{X,H}
d _( an OH
° dt _{X“H}_ opi
dp,' . . __8H
dt —{p,,H}— 8X,'
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Integrability and Conformal-Integrability

o Two functions A(x, p), B(x, p) are said to be in involution if and only if
{A(x,p), B(x,p)} = 0.

o A function L(x,p) is called an integral of the Hamiltonian H if

{L(x,p), H(x,p)} = 0.

o A function L(x,p) is called a conformal-integral of the Hamiltonian H if
{L(x,p), H(x,p)} = p(x,p)H(x, p)
(for some function p(x, p)).

o An n-dimensional system is said to be (conformally-)integrable if there are n — 1
functionally independent (conformal-)integrals in addition to the Hamiltonian.

@ A system is said to be (conformally-)superintegrable if their are more than the
prerequisite n — 1 integrals.
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2nd-Order Conformal-Superintegrability in n-Dimensions

Our problem
o Maximally superintegrable, i.e. 2n — 1 independent conformal-integrals.

o Flat space, i.e. over a space with Riemmanian metric

n
ds® =) " dx?,
i=1
with the Hamiltonian

H=> pi+V(x)

i=1

@ Second-Order, i.e. every conformal-integral is quadratic in the momenta

L= Z a’ (x)pipj + W(x), a(x) = & ().

ij=1

o Maximum Parameter, potentials depending on 5 parameters.
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Smorodinsky-Winternitz Potential
Potential V;, known as the Smorodinsky-Winternitz Potential
H = 2 2 2 2 2 2 b c d
=(px+p, +p:)+alx+y +z )+F+72+?2+e’
Which has 6 linearly independent (but functionally dependent) second-order symmetries
Ly =p§+ax2+x—bz,
c
Lz=p§+ay2+ﬁ,

d
Ly =p;+az" + 7,

2

2
y X
L1z = (pxy — pyx)* + b; + CF7
2 2
z Yy
Lz = (pyz — pzy)* + €T 475

2 2

2 z X
L13 = (pXZ — pZX) + bxf2 + d;
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Maximum-Parameter Potentials

It can be shown that any 2nd-order system with functionally linearly independent

constants satisfies a PDE of the form

o’V PV oV
X2 O
o’V PV oV
o~ 02 + AR () g+ BY () 5
o’V 12,0V
8X18X2 o A ( )8
o’V 13,0V
8X16X3 o A ( )Oxl
o’V 23, \ OV
(9X28X3 o A ( )8

for 20 functions A%(x), Bi(x), Cfi(x), D¥(x).
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List of Known Potentials

a b c d e
sw — 4+ =4 — = —— 12— 2 2 2
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b c d
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1 ar +X72+F+272+e
— i 1 1
1 ar2+b(x _Iy)_,’Jrc — td— +e
(x+iy) (x+iy) s
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i) Gt i) (x+ iy)"

v a(4x2+y2+zz)+bx+%+%+e
y z
c .
g X
(x+iy)?  (x+iy)?
VI a(z22 —2(x—iy)> +4(x® + ¥2)) + b(2x + 2iy — 3(x — iy)?) + c(x — iy) + 12 +e
z
a(x+iy) + b(3(x + iy)? + 2) + c(16(x + iy)? + (x — iy) + 12z(x + iy))
+d(5(x + iy)* + r2 +6(x +iy)%z) + e

14 a(422+x2+y2)+bz+

+e

vil
O ar’+bx+cyt+dzte
d
00 a(4x2+4y2+22)+bx+cy+—2+e
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Classifying Features of Vy,
The form of the PDE above naturally gives an action of conformal group on the
coefficient functions. If we consider the rotation representations we naturally get a
su(2) 2 s0(3, C) representation via the polynomial
p(n) =—1/8i(2iB* +4iA** —2iB* —3 A" + 5B — C*?)
+3/2i(2iC*? - C* 4+ C?)y
+3/8i (14iB™ —4iA" +10iB* —3A"™ - 3B +7C) ¢’
JrI-(Cu L4415 sz) .
+3/8i (14iB™ —4iA" +10iB* +3A™ +3BY” —7CY) ¢
—3/2i(2iC*? + C* = )y
—1/8i (2iB" +4iA™” +3A" — 5B 4+ C¥* —2iB*?) )"

for potential VI, in the form above, this becomes

2
p(n) =3i(- + 1)’

which has the 4 roots
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Classifying Features of Vy,

If we calculate the so called multiratio® of the four roots via

_(n=r)(s—n)
(r2 = r3)(ra — 1)

CR (o, 3/;261'27”7 3,;26"4?”, 3/—2> _ e—siﬂ—
z 4 z

CR(rl, ra, r3, r4)

we find

Lequivalent to the better known cross ratio
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Classifying Features of Vy,

Performing the conformal change of variables

u v w
= y = zZz=———
u? 4+ v2 4+ w?’ u? +v2 + w2’ u? 4+ v2 + w2’

we can re-derive the coefficient functions and resubstitute these into the so(3, C)
representation to obtain

—3i(npw — (u+ iv))?
w(u? 4 v2 4 w?)*
(—W4+2 (v +uP w3 +2 (v® +v3) (iv+u)3) 73
+<6 (iv+u)? w + (=3iv+3u)w +6 (v +v3) (iv + u)? W) n?
+((6iv+6u)w®+ (6ivi> +6ivu+3vZ+6ud+6iv* +6viu—3u?)w?)n
+2wb + (202 +2v3) w3 — (—u+iv)dw

p(n) =

Whose roots are

_jy — _ —2(u? 2 2) 2km
n:u v —wyk+u—iv, 'Vk:i/ (v +v +W)e23

w

w T (ut i)y +w'
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Classifying Features of Vy,

In both presentations of potential VI the polynomial p(n) had a root of multiplicity 3 and

three roots of multiplicity 1. These roots were related by the explicit formula

—wr + (u— iv)
(u+iv)r+w

and thus, being a projective transformation, preserves the multiratio

(u—iv —wyr+u—iv —wya+u—iv —ny3+u—iv) —ir
CR , - , - , - =e 3 .
w T(u+ivimt+w (u+iv)re+w (u+iv)ys+w

Examining root multiplicities and the behaviour of the multiratios is all that will be
required to classify these second-order conformally-superintegrable systems.
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Rotations Representations

Lie derivatives corresponding to rotations act linearly on the A, B, C's.

We can choose a basis which splits into blocks of 3 and 7 dimensions on which the
rotations act irreducibly.

X+1 — % (2 I'Bll _2 I'A12 _ A11 _ B12 _ C13) ,

Xo = %ﬁ(Cn—AB),
X_ 4= % (2 B 0 jA2 4 AN 4 B2 4 C13) 7

Yis = i (2iB™ +4iA” +3AM — 5B + CP* - 2iB*?),

Yi2 = TiVB(2iC? + C - C7),

Y= 5iV15(14iB" — 4iA” +10iB* + 3 A" + 3B —7C"),
Yo = T2 iVE (C +4A% +5C%),

Yoi= X&iV15(14iB™ —4iA? +10iB** —3 A" —3B? +7C"),

Y_, = ; i\f (2 ,-Clz _ C11 + sz) ,

Y3 = S i(2iB" +41A12 2iB*? —3A™ + 5B — CV).

It can be shown that the conformal group acts transitively on the X's. Thus all we need
to consider is the values of the Y;'s.
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Maximum-Parameter Potentials

The compatibility conditions also allows us to calculate the derivatives of the 10
coefficient functions, e.g.

Y. V2 NG iv5 iv10
8;3 = TXO Yis + 7Y+2 Xy + —— 15 Yi3Yo — a5 Yi1 Yz,
0Xi1 3\/ 2v/10 4./3
XoX YioY_1 —Y Y
9z 5 04— e Va2 + 135 07+
2 4i4/30
+ 7\[ Y_oYi3 — 145 Xo Y41

Yo Xi1.

2 2iv/b
+ I§/>Y+2X—1+ 11\5/>

These equations are integrable with no further restrictions on the values of X;, Y;. So the

values of Xj, Y; can be arbitrarily specified at a point.
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Understanding the derivatives

We define 0+ = id, + 0x and 9o = J;. And then define

3
0 (Ym) = 0:(Ym)+Xe2D(Ym) = > Ji(X41)Ji(Ym)
i=1
3
8o(Ym) = 00(Ym)+XoD(Ym) — > Ji(X0)Ji(Ym)
i=1
O (Ym) = 0-(Ym)+X_1D(Ym) ZJ(X )Ji(Ym).

and interestingly 9+ (Yim) and do(Ym) are expressions quadratic in the Y’s alone. For
example,

~ 2i 4i

0+(Yq3) = g(y+2)2 TNV Yi1Yss

A iv5 I\/

0o(Yy3) = T3 Yi3Yo — Yi1Yi2

~ 2ivV'15 17iv/30 10/
0_(Yy3) = — 5 Y_1Yis + 25 Yi2Yo — T(Yﬂ)z
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Invariants of 7-dimensional representation

We wish to classify the orbits of the conformal group acting on the 7-dimensional
representation carried by the Y.

To find invariants, it is convenient to consider the Y, as coefficients in a polynomial,

p(n) = kZioaknk, ar = (—1)* (2) Ye s

and act on this with fractional linear transformation. For example rotations take the form

a C
(b d) € SL(2,C) and

p(n) = (cn+d)"p (iZIZ) :

For action of the full conformal group excluding translations of the regular point we

simply take (Z ;) € GL(2,C).
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Multiplicities of Roots

Since every configuration of 6 complex point is admissible, so a useful starting point
would be considering the multiplicities of the roots. These have a natural hierarchy as
seen below

[111111] [21111] [3111] [411] [51] [6] I

. et

[2211] [321] [42]

X

[222] [33]

X

It is well known that having a repeated root correspond to the vanishing of the
discriminant (10" order in this case). The other conditions are not so well known but
ideals can be routinely generated using most symbolic algebra package.
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Trivial case = oscillator

The simplest case is Ym =0 for m= -3, —-2,...,3.

This is clearly preserved by conformal motions since the derivatives of the Y's are all of
forms like

Y V2 NG iv5 iv/10

az = TXO Y+3 + 7Y+2 X+1 + EY+3 YO - TYJA Y+2
0Y4s —/15 17 5 > 2v15
= YisY_ —V30Y2Yo— =Y ———Y3Y
ay 5 +3 Y1+ 90 30Y12Y0 g "1 45 +3 Y41
1 iv3 .
+ §Y+22 + I\[Xo Yio —i(Xo1—2X41) Yys

Using the transitivity of the conformal group, we can also set X3 = Xp = 0 and then
solving we find the harmonic oscillator with linear terms

Vo:a(x2+y2+22)+,3x+'yy+5z.
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Closure of ideal

For a polynomial ideal /, denote the process of closing differentially and determining the
radical by /, that is

T=+/<1,0dl o1,...>

Root multiplicities [6], [51], [411], [33] and [3111] are differentially closed.

Root multiplicities [42], [321], [222], [2211] and [21111] are not stable under translation.
liaz) = I Jiz21) = fiz3 U fsy, Ip22) = g,
Ip211) = fa1n U 33, Ip1111) = fpiaa).
The root multiplicities partially split the known systems.
0 [6] [51] [411] [33] [3111] [111111]
o A vilb i, v 00 I, vl S, I, IV

Systems /Il and V' can not be distinguished here because they are Stickel equivalent.
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Multiplicities of Roots

So, pruning our diagram, we have

[111111] [3111] [411] [51] [6] I

AN

S
N

N\

(33]

The conformal group act transitive on 3-tuples of points So most of these cases the
analysis is now complete. but for cases [3111] and [111111] there is still work to be done.
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Cross ratio

If there are 4 roots we can define their cross ratio

(2 — z3)(z22 — z)

A= (21722;23724) = (z2 — 23)(21 — 24).

It is invariant under all conformal transformations except translations.

Except in special cases, permuting roots gives 6 distinct cross ratios

1 1 A an A—1
1-X x-1 A

For p(z) = z3(z* — 1), only two distinct cross ratios of the roots exist, e=™/3,

The condition that the cross ratio has this value is stable under translations and splits the
[3111] case with systems /I and VI. System VI has cross ratio e*"//3,

For greater than 4 roots more independent cross ratios exist and they can be used to
construct invariants that split the [111111] cases.
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Multiplicities of Roots

Updating our diagram we now have the

[111111] — > CRP;:,]; P [411] [51] [6] 0
[3111],
CR=¢"/3
(33]
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Conclusions and Future Directions

For the final case, [111111], we can demonstrate a 6t order ideal that separates off

potential /V, and a 10th order ideal that splits off potential /. The remaining potential,
SW, (the generic spherical potential) corresponds to the bulk of the C'° space.

To close the problem all that is left to do is:
@ Show the potentials SW, I, IV are the only solutions with a [111111] roots structure.

@ Perform an analogous treatment of the 4 dimensional case, exploiting the
s0(4) = 50(3) @ s0(3) representations.

@ Use similar techniques to examine the 3 parameter potentials in 3d space.
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