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A simple problem in steady-state electrodiffusion:

(Nernst 1888, Planck 1890, Grafov & Chernenko 1962,
Bass 1964)

Φ+ = −D+ c+
′(x) + (zeD+/kT )E(x) c+(x)

Φ− = −D− c− ′(x)− (zeD−/kT )E(x) c−(x)

E ′(x) = (4πze/ε) [c+(x)− c−(x)]

for 0 < x < δ.
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A simple problem in steady-state electrodiffusion:

(Nernst 1888, Planck 1890, Grafov & Chernenko 1962,
Bass 1964)

Φ+ = −D+ c+
′(x) + (zeD+/kT )E(x) c+(x)

Φ− = −D− c− ′(x)− (zeD−/kT )E(x) c−(x)

E ′(x) = (4πze/ε) [c+(x)− c−(x)]

for 0 < x < δ.

Current density: J = ze (Φ+ − Φ−)
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In dimensionless form:

c+
′(x) = E(x) c+(x)− Φ+

c− ′(x) = −E(x) c−(x)− Φ−

λ2E ′(x) = c+(x)− c−(x)

for 0 < x < 1, and

J = α+ Φ+ − α−Φ−

Here α± > 0 are known constants, with α+ + α− = 1
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and

λ =
1

δ

√
εkT

4πz2e2 cref.
> 0

Planck took λ ≈ 0, implying electroneutrality:

c+(x) = c−(x) = c(x) = c(0) + [c(1)− c(0)]x

E(x) = (Φ+ − Φ−)/2c(x) , Φ+ + Φ− = 2[c(0)− c(1)]

J = α+Φ+ − α−Φ− (= J0 , say)

— only an approximate solution of the system of ODEs.
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When E(x) = 0, Planck’s approximate solution becomes exact:

c+(x) = c−(x) = c(x) = c(0) + [c(1)− c(0)]x

E(x) = 0 , Φ+ = Φ− = [c(0)− c(1)]

J = J0 = (α+ − α−)[c(0)− c(1)]
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A typical BV problem:

Given the BCs
c+(0) = c−(0) = c0

c+(1) = c−(1) = c1

J = J0

find
c+(x) , c−(x) , E(x) , Φ+ , Φ−
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A typical BV problem:

Given the BCs
c+(0) = c−(0) = c0

c+(1) = c−(1) = c1

J = J0

find
c+(x) , c−(x) , E(x) , Φ+ , Φ−

Planck’s exact solution is a (the?) solution when

J0 = (α+ − α−)[c0 − c1]
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A first-integral:

c+
′(x) + c− ′(x) = E(x)[c+(x)− c−(x)]− (Φ+ + Φ−)

= λ2E(x)E ′(x)− (Φ+ + Φ−)
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A first-integral:

c+
′(x) + c− ′(x) = E(x)[c+(x)− c−(x)]− (Φ+ + Φ−)

= λ2E(x)E ′(x)− (Φ+ + Φ−)

⇒ c+(x) + c−(x) = 1
2λ

2E(x)2 − (Φ+ + Φ−)x + B
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Then

c+
′(x)− c− ′(x) = E(x)[c+(x) + c−(x)]− (Φ+ − Φ−)

which implies

λ2E ′′(x) =

1
2λ

2E(x)3 − {(Φ+ + Φ−)x−B}E(x)− (Φ+ − Φ−)

— a form of Painlevé II.
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For the preceding BV problem,

λ2E ′′(x) = 1
2λ

2E(x)3

−
{

(Φ+ + Φ−)x− 2c0 + 1
2λ

2E(0)2
}
E(x)− (Φ+ − Φ−)

subject to E ′(0) = 0 = E ′(1) , with

Φ+ + Φ− = 2(c0 − c1) + 1
2λ

2[E(1)2 − E(0)2]

α+Φ+ − α−Φ− = J0
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PII : y′′(x) = 2y(x)3 + xy(x) + C

Bäcklund transformation:

ŷ(x) = −y(x)− (2C + 1)/[2y′(x) + 2y(x)2 + x]

Ĉ = C + 1 (Here C 6= −1/2)

Inverse transformation:

y(x) = −ŷ(x)− (2Ĉ − 1)/[−2ŷ′(x) + 2ŷ(x)2 + x]

C = Ĉ − 1 (Here Ĉ 6= 1/2)
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Bäcklund transformation B:

ĉ+(x) = c−(x)− 2λ2Φ+E(x)/c+(x) + 2λ2Φ+
2/c+(x)2

ĉ−(x) = c+(x) , Ê(x) = −E(x) + 2Φ+/c+(x)

Φ̂+ = 2Φ+ + Φ− , Φ̂− = −Φ+

Inverse transformation B−1:

c−(x) = ĉ+(x) + 2λ2Φ̂− Ê(x)/ĉ−(x) + 2λ2Φ̂2
−/ĉ−(x)2

c+(x) = ĉ−(x) , E(x) = −Ê(x)− 2Φ̂−/ĉ−(x)

Φ+ = −Φ̂− , Φ− = 2Φ̂− + Φ̂+
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From any solution S(0) = (c
(0)
+ , c

(0)
− , E(0) ,Φ

(0)
+ ,Φ

(0)
− )

we construct the sequence of solutions

S(n) = Bn(S(0)) = (c
(n)
+ , c

(n)
− , E(n) ,Φ

(n)
+ ,Φ

(n)
− )

for n = 0 ,±1 ,±2 , . . .
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From any solution S(0) = (c
(0)
+ , c

(0)
− , E(0) ,Φ

(0)
+ ,Φ

(0)
− )

we construct the sequence of solutions

S(n) = Bn(S(0)) = (c
(n)
+ , c

(n)
− , E(n) ,Φ

(n)
+ ,Φ

(n)
− )

for n = 0 ,±1 ,±2 , . . .

Starting with Planck’s exact solution as S(0), we get a sequence
of exact (rational) solutions.
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From any solution S(0) = (c
(0)
+ , c

(0)
− , E(0) ,Φ

(0)
+ ,Φ

(0)
− )

we construct the sequence of solutions

S(n) = Bn(S(0)) = (c
(n)
+ , c

(n)
− , E(n) ,Φ

(n)
+ ,Φ

(n)
− )

for n = 0 ,±1 ,±2 , . . .

Starting with Planck’s exact solution as S(0), we get a sequence
of exact (rational) solutions. For example, with

c
(0)
± (0) = 1/3 , c

(0)
± (1) = 2/3 , λ = 0.1

we get :
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Figure 1: Graphs of c
(n)
+ (x) for n = 0 , 1 , 2 , 3 , 4, from bottom to top.
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Figure 2: Graphs of c
(n)
+ (x) for n = 5 , 6 , 7 , 8.
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For the solution S(n) we have

Φ
(n)
+ = (n + 1)Φ

(0)
+ + nΦ

(0)
− , Φ

(n)
− = −(n− 1)Φ

(0)
− − nΦ

(0)
+

and hence

J (n) = J (0) + n∆J , ∆J = (Φ
(0)
+ + Φ

(0)
− )

— flux-quantization by Bäcklund transformations.
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Physical interpretation

In dimensional form:

J (n) = ze
(

Φ
(n)
+ − Φ

(n)
−
)

= J
(n)
+ + J

(n)
− , say .

J (n) = J (0) + n∆J , ∆J = ze(D+ + D−)

Φ
(0)
+

D+
+

Φ
(0)
−
D−


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To simplify the discussion take D+ = D− = D; then

Φ
(0)
+ = Φ

(0)
− = D(c0 − c1)/δ

J
(0)
+ = −J (0)

− = zeD(c0 − c1)/δ ,

J (0) = 0 , ∆J = 4zeD(c0 − c1)/δ .
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and then

J
(n)
+ = (2n + 1) zeD (c0 − c1)/δ

J
(n)
− = (2n− 1) zeD (c0 − c1)/δ

J (n) = 0 + n∆J = 4n zeD (c0 − c1)/δ
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Consider the “number” of ions transported across area A
in a time τ .

For the “state” S(n), we have

n+ = Φ
(n)
+ A τ , n− = Φ

(n)
− A τ

so, in the “ground state” S(0),

n+ = n− = D(c0 − c1)Aτ/δ
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Consider A such that n+ = n− ≈ 1

=⇒ A ≈ δ/D(c0 − c1)τ

[In the state S(0), transport is purely diffusional, since

E(0)(x) = 0, so τ ≈ δ2/2D, and hence

A ≈ 2/(c0 − c1)δ .]
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Then, for this same area A and time τ ,

J
(n)
+ Aτ = (2n + 1)ze , J

(n)
− Aτ = (2n− 1)ze

J (n)Aτ = 4nze
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Then, for this same area A and time τ ,

J
(n)
+ Aτ = (2n + 1)ze , J

(n)
− Aτ = (2n− 1)ze

J (n)Aτ = 4nze

Thus: In the state S(0):

One positive ion diffuses across A in time τ in +x-direction.

One negative ion diffuses across A in time τ in +x-direction.

Zero net charge across A in time τ . ( J (0)Aτ = 0)
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In the state S(1):

J
(1)
+ = 3ze , J

(1)
− = ze

Three positive ions across A in time τ in +x-direction.

One negative ion across A in time τ in −x-direction.

Net charge across A in time τ in +x-direction equals 4ze.
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In the state S(−1):

J
(1)
+ = −ze , J

(1)
− = −3ze

One positive ion across A in time τ in −x-direction.

Three negative ions across A in time τ in +x-direction.

Net charge across A in time τ in +x-direction equals −4ze.
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In the state S(−1):

J
(1)
+ = −ze , J

(1)
− = −3ze

One positive ion across A in time τ in −x-direction.

Three negative ions across A in time τ in +x-direction.

Net charge across A in time τ in +x-direction equals −4ze.

— and so on.
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Comments:

• Discreteness underpinning a nonlinear continuum model

reveals itself in special solutions.
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Comments:

• Discreteness underpinning a nonlinear continuum model

reveals itself in special solutions.

• Effect only found 120 years after Planck’s work.
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Comments:

• Discreteness underpinning a nonlinear continuum model

reveals itself in special solutions.

• Effect only found 120 years after Planck’s work.

• Note that flux-quantization persists no matter how small

λ is (so long as it is non-zero!).
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Bäcklund transformation B:

ĉ+(x) = c−(x)− 2λ2Φ+E(x)/c+(x) + 2λ2Φ+
2/c+(x)2

ĉ−(x) = c+(x) , Ê(x) = −E(x) + 2Φ+/c+(x)

Φ̂+ = 2Φ+ + Φ− , Φ̂− = −Φ+

Inverse transformation B−1:

c−(x) = ĉ+(x) + 2λ2Φ̂− Ê(x)/ĉ−(x) + 2λ2Φ̂2
−/ĉ−(x)2

c+(x) = ĉ−(x) , E(x) = −Ê(x)− 2Φ̂−/ĉ−(x)

Φ+ = −Φ̂− , Φ− = 2Φ̂− + Φ̂+

34



References:

Planck, M., Annalen Phys. Chem. 39, 161 (1890)

Gambier, B., Acta Math. 33, 1 (1909)

Grafov, B.M. and Chernenko, A.A., Dokl. Akad. NAUK SSSR
146, 135 (1962)

Bass, L., Trans. Faraday Soc. 60, 1914 (1964)

Bracken, Bass and Rogers, C., J. Phys. A 45, 105204 (2012)

Bass and Bracken, Planck’s other quanta,
arXiv:1201.1528 math-ph

35


