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Discrete Holomorphicity Discretized analyticity

DISCRETE HOLOMORPHICITY
DISCRETIZED ANALYTICITY

Ω

γ

ψ :Ω→C

analytic
⇓∮

γ
ψ(z) dz =0

Discretize!∑
γ

ψ(z)∆z0

discretely holomorphic1

1Smirnov S Ann. Math. 172 101 (2010)
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Self-dual Potts model Loop formulation

SELF-DUAL POTTS MODEL
LOOP FORMULATION

two kinds of tiles

type a type b

statistical weight, w(γ) is

a#
( )

b#
( )

ã#
( )

b̃#
( )

n#
( )

n =√
Q =2cosλ (0≤Q ≤4)

R = = a + b
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Integrability Yang-Baxter equation

INTEGRABILITY
YANG-BAXTER EQUATION

α

β

γ
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Integrability Yang-Baxter equation

INTEGRABILITY
YANG-BAXTER EQUATION

α

β

γ =

α

β

γ

(−aα aβ aγ+aα bβ bγ+bα aβ bγ+bα bβ aγ+n bα bβ bγ
)( −

)
=0

Yang-Baxter equation

aα aβ aγ =aα bβ bγ+bα aβ bγ+bα bβ aγ+n bα bβ bγ
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Prior Art Holomorphic observable

HOLOMORPHIC OBSERVABLE

z

0

observable on embedded lattice1

ψ(z)= ∑
γ ∈Γ(0,z)

e
−iσ Wγ(0 → z)

w(γ)

contour sum vanishes∑
contour

ψ(z)∆z =0

at the isotropic point

a =b = ã = b̃

with
σ=1− 2λ

π

1Riva V & Cardy J J. Stat. Mech. P12001 (2006)
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Prior Art Discrete Holomorphicity on a rhombus

DISCRETE HOLOMORPHICITY
ON A RHOMBUS1

with φ(α)= ei (1−σ)α, want
∑
♦
ψ(z)∆z =0

n2 (
1−φ(α−π)

)
aα + n

(
1−φ(α−π)+φ(−π)−φ(α)

)
bα =0

n
(
1−φ(α−π)+φ(π)−φ(α)

)
aα + n2 (

1−φ(α)
)

bα =0

1Ikhlef Y & Cardy J J. Phys. A 42 102001 (2009)
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Prior Art Discrete Holomorphicity on a rhombus

DISCRETE HOLOMORPHICITY
ON A RHOMBUS

needed angle independent condition

φ(π)+φ(−π)=n2−2

fixes conformal spin

cos ((1−σ)π)= cos (2λ)

σ=1− 2λ
π

mod 2Z

solution weights

aα
bα

= sin
(
λ
π
α

)
sin

(
λ
π (π−α)

) ,
a(u)
b(u)

= sinu
sin(λ−u)
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Prior Art Discrete Holomorphicity on a rhombus

DISCRETE HOLOMORPHICITY
SELF-DUALITY

dual weights given by α 7→π−α

ãα
b̃α

= aπ−α
bπ−α

= sin
(
λ
π (π−α)

)
sin

(
λ
π
α

)

satisfies self-duality
aα
bα

ãα
b̃α

=1

rôles of a and b are interchanged
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Contributions A family of solutions

A FAMILY OF SOLUTIONS

condition for discrete holomorphicity

cos ((1−σ)π)= cos (2λ)

positive solutions for conformal spin

σ=1+2
(
`− λ

π

)
weights indexed by `

aα
bα

= (−1)`
sin

((
λ
π
−`)α)

sin
((
λ
π
−`) (π−α)

) ,
a(u)
b(u)

= (−1)`
sin

((
1− `π

λ

)
u

)
sin

((
1− `π

λ

)
(λ−u)

)
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Contributions Inversion Relation

INVERSION RELATION
DH =⇒ IR

α

β

DH on every rhombus with same σ

internal edge cancels

five different chord diagrams

one is enough
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Contributions Inversion Relation

INVERSION RELATION
DH =⇒ IR

α

−α

=aαa−α

quadratic equation in weights

β=−α =⇒

n aα a−α+aα b−α+bα a−α =0

the inversion relation

β=2π−α,α 7→π−α =⇒
inversion relations for the dual weights
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Contributions Yang-Baxter equation

YANG-BAXTER EQUATIONS
DH =⇒ YBE

α

β

γ

third rhombus with α+β+γ=2π

internal edges cancel

aα aβ aγ =aα bβ bγ+bα aβ bγ+bα bβ aγ+n bα bβ bγ
the Yang-Baxter equation!
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Conclusion Summary

SUMMARY

DH =⇒ IR+YBE

DH fixes conformal spin

simple geometric construction
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Conclusion Thank you!

THE END

Thank you!1

1Alam IT & Batchelor MT J. Phys. A 45 494014 (2012)
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