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Parallel billiard channels

o Billiard family defined by parameters « € (0, 7] and d € (0, 00)

o Particles reflect specularly at the boundary:
Vout = Vin — 2(Vin : nq)nq
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Geometry and transport

Orchard et al., 2021
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Elementary cell geometry

Fixa=n/2and d=1/2:

Sz =1/2

(0,0) ® (26z,0)
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A map encoding particle dynamics

o Let S: X — X be a map with X = (0,d) x (-%,2r)

o By vertical symmetry of the elementary cell we have

co o [S(ho)  ifoe(-3.7)
S(h’e)_{sm,wa) if 0 € (Z,37)

WhereS:X%)?andX:(O,d)x(— . 3)

e How to define S?
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Singular trajectories

Intuition: Between two singular trajectories exist a regular trajectory.

(n',0") 4 > (h/,0")
(h, 0)

L
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Singular trajectories

@ The phase space is a finite union of subsets, each representing
families of regular trajectories that have distinct itineraries:

My—1
x=U X

and G = U;-\id'(;l 8)@- is a set of zero area on X
o The 0X ; are curves on X that parameterise singular trajectories!

o Thus, )Z'j =D, x II; where D; C (0,d),
I ={0:heD; A &(h)<0<E4a(h)}

and §; : D; — (—g,g)
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Detour: Unfolding
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Detour: Unfolding

Itineraries encode the unfoldings: C,, = Refl(Co,I';, Ty, ---T,)
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Unfold until exit (and then in reverse)

A
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Divide and conquer

Define &, = ZhA,, and require
—m/2=§ <& <<y, =7T/2

where Ny < My. For a first collision on I'g, we find

\
.
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Nested singular directions

We have to prove that each X ; contains only regular trajectories.
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A first bounce on I'j
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A first bounce on I's




The map (d = 1/2)
0000000000080

Behold
For d =1/2 and —7/2 < 0 < w/2, we have
(- hcot6 -0+ 72) if (h,0) € Xo
(h+ [a(l +tan6) + 3tand + 1], +6) if (h,0) € X1 U Xy
((h+2)cot0+2, —0-%) if (h0) € Xz
(h+ 3(1+5tan0), +0) if (h,0) € X3
(hcot9+2d+1 —0—2) if (h,0) € X5
(h+ (14 2d) tan6’ +6) if (h,0) € Xo
(h+ 3 tan6 — +0) if (h,0) € X7
S(h.6) = (1f(h+(1+2d)tan9) +0+7) i (h,0) € X5 U Xy
’ ((h—1)cotf + 1+ 2d, -0+ 3%) if (h,0) € X10
(h+ (1 + dk) tan 0 — dx, +9) if (h,0) € X12
(=h + (d+ 1)(1 — tan®), +0+7) if (h,0) € X13
(—hcot 6 + (d+ 1)(cot 6 — 1), —0+3) if (h,0) € Xua
(—h —tan6 +2d + 1, +0+7) if (h,0) € X5
(1+2d — (h + tan @), +0+7) if (h,0) € X1
(—cot0(142d — h) + 1, -0+ 3%) i (h,0) € X17
(cotO(=h + L(v +tanf(1 —~) +3)), —0+ %) if (h,0) € X1s
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Image of the different trajectories

Itineraries
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The )N(j’s

(SEl
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The infinite horizon case

We get d = 1 for free (almost)

N
7
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Image of the different trajectories
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The different regions
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Time and distance

From S we get the particles’ motion,

Zp+1 cosf, >0and cosf,41 >0
Tpy1 =4 2Tp—1 cosb, <0and cosf,+1 <0
Ty otherwise

and crossing time,

70 = —hcsch 710 = (1 — h)cscd
71 =d(a+ 3)sect T12 = (1 + kd) sec 6
7o =—(h+d)csch Ti4 = (d+1—h)csch
737 = (3/2 + 2d) sec 6 T15,16 = sec 6
Ta1113 = (d+ 1) sect 717 = (1 + 2d) csc 6
75 = —hcscl 7158 = (1 +d(1 4+ 7)) csc O
76,89 = (1 + 2d) sec Ti9 = sec 6
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Concluding remarks

Computationally efficient
@ Not limited to & = 7/2 and d € {1/2,1} geometries!

@ Maps accounting for all d > 1 have since been derived

The map possessing the ‘simplest’ phase space for a = 7/2 is
(almost certainly) obtained when d = 1
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