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Cuts and Discontinuities:
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Industrial Granular Flows



Natural Granular Flows



Typical granular experiments



Flow in a Rotating Tumbler



Granular Mixing by Tumbling
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Avalanche Mixing
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A Uniquely Australian Tumbler



A Uniquely Australian Tumbler



Cape Yorke Effect
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Mixing and Unmixing: t-periodic forcing



Discontinuous Deformations
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Geophysical Mixing

Fig 1a from Prommer and 

Stuyfzand ES&T (2005)

Metcalfe et al. (2010a)

Phil Trans A 368, 217-230





The 2D RPM Flow
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𝜏 = switching period

Θ = rotation angle



Fluid cutting produced by the dipole
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Fluid cutting produced by the dipole
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Non-Hamiltonian structures
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Dynamical Systems Theory: invariant sets, 
manifolds
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Simple flow Complex trajectories



Non-Hamiltonian structures
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Initial

Cut/Shuffle

Piecewise Isometry

break object into finite pieces, rearrange into original shape



PWI and Exceptional Set (𝑬)

The exceptional set of all images of the 

cut; physically, it keeps track of where 

the material has been split

𝑇





The Cut-Shear-Shear Map



Key Results

Non-Hamiltonian particle 
transport even though the 
base flow is Hamiltonian

The “webs of images and 
preimages” form a kinematic 
template, similar to that of 
periodic points, but also 
includes transport structures 
created by discontinuous 
deformations.

Cutting replaces folding

Discontinuous deformations 
can either enhance or impede 
mixing



The 3D RPM Flow

Dipole locations Typical particle trajectory



What can generate in the 3DRPM?







Messages

• Discontinuities effect deformation
• Experiments
• Simple models capture much
• Wedges, Cut-Line Preimages
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