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Martensitic transformations involve a change of shape of 
the crystal lattice of some alloy at a critical temperature.

e.g. cubic to tetragonal

θ > θc

cubic

austenite

θ < θc

three tetragonal variants

of martensite

cubic to 
orthorhombic
(e.g. CuAlNi)

θ < θc

six orthorhombic variants

of martensite 2



Atomistically sharp interfaces for 
cubic to tetragonal transformation 
in NiMn   

Baele, van Tenderloo, Amelinckx
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Energy minimization problem

for single crystal

4



Energy-well structure

austenite

martensite

K(θ) = {A ∈M3×3
+ that minimize ψ(A, θ)}

Assume

5



Rank-one matrices and the Hadamard

jump condition
N

Dy = A, x ·N > k

Dy = B, x ·N < k x ·N = k

y piecewise affine

A−B = a⊗N
Hadamard

jump condition
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Corollaries.

1. There are no rank-one connections between

matrices A,B belonging to the same energy

well.

Proof. In this case U = V , contradicting c �= 0.

2. If Ui, Uj are distinct martensitic variants

then SO(3)Ui and SO(3)Uj are rank-one

connected if and only if det(U2i −U
2
j ) = 0, and

the possible interface normals are orthogonal.

Variants separated by such interfaces are called

twins.
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3. There is a rank-one connection between

pairs of matrices A ∈ SO(3) and B ∈ SO(3)Ui
if and only if Ui has middle eigenvalue 1.



(Classical) austenite-martensite interface in CuAlNi
(courtesy C-H Chu and R.D. James)

Gives formulae of  the crystallographic theory 

of martensite (Wechsler, Lieberman, Read)



A
B

Two examples of incompatibility-

induced metastability

W (A) = ψ(A, θ)− T · A



transition

layer

Dy(x) = A



Single crystal of CuAlNi. Pure variant of martensite. Heated by tip of soldering iron. 
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Nucleation impossible in the interior, faces or edges
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Nucleation possible at a corner
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Compatibility and microstructure morphology

(Classical) austenite-martensite interface in CuAlNi
(courtesy C-H Chu and R.D. James)



21



Optical 
micrograph 
(H. Seiner) of 
non-classical 
interface 
between 
austenite and 
a martensitic 
microstructure
. 
The arrows 
indicate the 
orientations of 
twinning 
planes of 
Type-II and 
compound 
twinning 
systems
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Curved interface between crossing twins and austenite 

resulting from the inhomogeneity of compound twinning. 

(Optical microscopy,H. Seiner)
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CuZnAl microstructure:  

Michel Morin (INSA de Lyon)

Zn45Au30Cu2 ultra low hysteresis alloy

Song, Chen, Dabade, Shield, James, 2013
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Question: Is it true that whatever the orien-

tation of the planar interface between the two

grains there must be a nontrivial microstruc-

ture in both grains?
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