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Objective
We want to use Tethered Monte Carlo to study the fluid-solid phase
transition in hard spheres at constant pressure
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Hard Spheres
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NpT ensemble
Partition function for N particles
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The Gibbs free-energy density 1
(equal to the chemical potential) is 0T o ‘r‘]‘o's‘ RAPaRaAS

thus deflned as T. Zykova-Timan, J. Horbach and K. Binder,

1 J. Chem. Phys. 133, 014705 (2010)
1(p) = gNpT = N log YnpT
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NpT simulations forever in the same phase!!

1.1 T T T T T T T
hot start ———
108 | fccstat ——
1.06 1
1.04 + 1
>
1.02 + _
1 - 4
098 r,
0.96
50 100 150 200 250 300 350 400 450 500
t(/105 N particle moves)
4/18



More sophisticated algorithms are necessary

m Direct coexistence simulation methods (big systems, nonequilibrium
dynamical method)

® Phase Switch Monte Carlo (equilibrium method but suffers
exponential critical slowing-down, Nyax = 500) (Wilding & Bruce, 2000)
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Our choice: Tethered MC with Crystal Parameters
Rotationally invariant
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Tethered algorithm (see V. Martin-Mayor's talk)

We would like to simulate the system in a way that (Qs) is conserved.
With this aim we introduce a new variable

1 Qo
Q6:Q6+N_a;77i

where 7; are normal gaussian daemons, and then, (Qs) = Q.
The tethered mean values for O, given (% and p, are thus defined as

R — fOV dV ZR O(QAGan V7 R) w(pa Q,\67 N, V7 R)
e Jo' dV S gy w(p, Qe, N; V. R)
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with ) 2
w(p, Q6, N: V, R) = e PV~ "5 [Qs—Qs(R(v).p)]
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Tethered algorithm
The effective potential QN(@& p)

o [NOw(Go.p)] = 5 [T av en Y e [ atm ol
R(v)

can be recovered by measuring h(Qs, p; v, R) = —a(Qs — Qs) during
the simulation, since

(hg, = o) @
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When we fix @6
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Strong metaestability: it does not thermalize
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hot start

FCC start
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Crystal Parameters
Cubic parameter

ca(r) = r_18 X'y (L =2%/r) +y 2 (1= x*/r*) + 2% (1= y*/rY)]
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J S. Angioletti-Uberti, M. Ceriotti, P. D. Lee, and M.
W. Finnis, Phys. Rev. B 81, 125416 (2010)




When we fix the cubic parameter C
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We need to fix both C and Qg!!
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e
We want to obtain Af2 = {2rcc — 2 iq, but (2 is a potential field,
then A{2 does not depend on the path (Qs(s), C(s)) covered to join

(QgCC’N, CFCONY and (ng’N, Clia:V). We choose a path that allow
us to thermalize easily the system, the straight line in between.
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No exponential critical slowing down
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Qrce — Qquig: integrate VQ projected along the path
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Y (p) = e NelP) — /dC dQg e N(Q6.C)

g(p) = £2(Qg, C*) + O(1/N)
Phase transition occurs at the pressure when the Gibbs potential is
equal in the two phases grcc(pc) = giiq(pc), then

Ag(pc) = 2(Qs pecs Crec) — 2( Q@5 1iq0 Gig) + O(1/N) =0
Then, we seek the pressure that satisfy A2 =0

Reweighting Method
We do not need to simulate every pressure. Notice that we can obtain
the mean values at pressure p’ = p + dp by means of simulations at p

—5pV
(0) , » = 0™,
P’,Qs <e—5pV>p’©6
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We integrate hs along the curve and obtain Af?2
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Extrapolation
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Corrections due to integration-path end-points

Near local maxima, the effective potential {2 is approximately
quadratic, i.e.
9(067 C) - Q(ng C*) ~
Aoe(Qs — Q¢)? + 2Aqc(Qe — @)(C — C*) + Acc(C— C*)?
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Conclusions

m We have applied tethered algorithm for the first time to colloid’s
crystallisation.

® We have thermalized very large systems, avoiding exponential
critical slowing down.

m We obtain P2° improving error by a factor of 20, as compared with
previous equilibrium studies.

® Qur determination of P2° is compatible (and of similar accuracy)
with the very best non-equilibrium determination (Binder et al.
2010).

® Total simulation time: 40 independent simulations of 3.5 days each.
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