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The q-state Potts model

• G = (V,E) = Finite subset of aregular latticeL with

toroidal boundary conditions(and aspect ratio= 1).

4 × 4 triangular lattice

• ∀ i ∈ V , σi ∈ {1, . . . , q}, q = 2, 3, . . . ∈ N.

• H(σ) = −J
∑

〈ij〉∈E

δσi,σj
, δσi,σj

=







1 σi = σj

0 σi 6= σj

• J ∈ R with |J | ∼ T−1







J > 0 Ferromagnetic

J < 0 Antiferromagnetic
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The q-state Potts model (2)

• Spin probability distribution:

πG,q,v(σ) =
1

ZG(q, v)
e−H(σ) .

• Partition function (Fortuin–Kasteleyn ’69): If G = (V,E),

ZG(q, v) =
∑

σ

e−H(σ) =
∑

A⊆E

v|A| qk(A) .

• v = eJ − 1 ≥ −1.

• Antiferromagneticregime:v ∈ [−1, 0].

• ZG(q, v) is apolynomialin q, v: ⇒ (q, v) ∈ R
2.

• At v = −1 (J → −∞):

ZG(q,−1) = PG(q) = # properq–colorings ofG.
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Potts antiferromagnets

• Universalitydoesnot hold in general:d, q,L.

• At T = 0, it may havenon-zeroground-state entropy:

1. Frustration: eg.q = 2 on the triangular lattice.

2. q ≫ ∆: eg.q = 4 on the square lattice.

∆ = 6 ∆ = 4

Theorem 1 (Kotecký; Sokal-JS) Let ∆ be the maximum degree of a

graph. If q > 2∆, there is a unique infinite-volume Gibbs measure,

and it has exponential decay of correlations.
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Potts antiferromagnets (2)

• Some models atT = 0 can be mapped onto aheight model:

• Critical points: eg.q = 2, 4 on the triangular lattice.

• Long-range order: eg.q = 3 on the diced lattice.

• We expect some sort ofuniversalityfor antiferromagnets:

For each regular latticeL, there is a numberqc(L) ∈ R

0

−1

v

q
vAF (q)

qc(L)

Disordered phaseAny behavior
T = 0 (AF)

• Goal: computeqc(L) for the commonest latticesL.
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Markov-chain Monte Carlo simulations

• We want to invent a discrete-time Markov chain

X0, X1, . . . , Xt . . . such that it converges toπG,q,v(σ).

• Probability transition matrixP :

pσ,σ′ = P (σ → σ′) = Pr(Xt+1 = σ′ | Xt = σ)

1. P is stationary with respect toπG,q,v:
∑

σ

πG,q,v(σ) pσ,σ′ = πG,q,v(σ
′)

Detailed balance: πG,q,v(σ)pσ,σ′ = πG,q,v(σ
′)pσ′,σ

2. P is ergodic: ∀σ, σ′, there exists an ∈ N such that

p
(n)
σ,σ′ = (P n)σ,σ′ = Pr(Xt+n = σ′ | Xt = σ) > 0.

• Then, there is auniquelimit, and it is the right one:

lim
t→∞

p
(t)
σ,σ′ = πG,q,v(σ

′) (independently ofX0).
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Markov-chain Monte Carlo simulations (2)

• π(σ) ≈ Pr(Xt = σ) for t ≫ 1, and independently ofX0.

• How to measure theefficiencyof a Monte Carlo algorithm?

• τexp: # MC step the system needs to be essentially in

equilibrium≈ πG,q,v.

• τint: once in equilibrium, # MC steps we need to produce

two statistically independentsamples.

• Critical slowing down:Close to a second-order phase

transition

τexp ≈ min(L, ξ)zexp , τint ≈ min(L, ξ)zint .

• Dynamic critical exponents:zexp, zint.
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The Wang–Swendsen–Kotecký algorithm, 1989 (1)

Antiferromagneticq–state Potts model

eg.q = 4

4 × 6 square lattice on a torus

T > 0

1. Pick up uniformly at random 2 distinct colorsµ, ν:

eg.µ = andν = .

2. Freeze all spinsσi taking colors6= µ, ν, and allow the

remaining spins to take the valuesµ, ν.

⇒ We induce an AF Ising model onGµ,ν ⇒ aSW

Monte Carlo Algorithms in Statistical Physics – Statphys 24 – p. 8/38



The Wang–Swendsen–Kotecký algorithm, 1989 (1)

Antiferromagneticq–state Potts model

eg.q = 4

4 × 6 square lattice on a torus

T > 0

1. Pick up uniformly at random 2 distinct colorsµ, ν:

eg.µ = andν = .

2. Freeze all spinsσi taking colors6= µ, ν, and allow the

remaining spins to take the valuesµ, ν.

⇒ We induce an AF Ising model onGµ,ν ⇒ aSW

Monte Carlo Algorithms in Statistical Physics – Statphys 24 – p. 9/38



The Wang–Swendsen–Kotecký algorithm, 1989 (2)

ZG(q, v) =
∑

σ

∏

〈ij〉

eJδσi,σj =
∑

σ

∏

〈ij〉

[

(1 − p) + p(1 − δσi,σj
)
]

p = 1 − eJ = −v ∈ [0, 1] for J ≤ 0.

πG,q,v(σ) =
1

ZG(q, v)

∏

〈ij〉

[

(1 − p) + p(1 − δσi,σj
)
]

We augment the state space:nij = 0, 1 on every edge〈ij〉.

π(σ, n) =
1

ZG(q, v)

∏

〈ij〉

[

(1 − p)δnij ,0 + p(1 − δσi,σj
)δnij ,1

]

nij =







1 edge〈ij〉 is occupied

0 edge〈ij〉 is empty
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The Wang–Swendsen–Kotecký algorithm, 1989 (3)

Antiferromagneticq–state Potts model

eg.q = 4

4 × 6 square lattice on a torus

T > 0

π(σ, n) =
1

ZG(q, v)

∏

〈ij〉

[

(1 − p)δnij ,0 + p(1 − δσi,σj
)δnij ,1

]

3. SimulatePbond = π(n | σ):

Independently for each edge〈ij〉, takenij = 0 if σi = σj,

and takenij = 0, 1 with probabilities(1 − p), p if σi 6= σj.
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The Wang–Swendsen–Kotecký algorithm, 1989 (3)

Antiferromagneticq–state Potts model

eg.q = 4

4 × 6 square lattice on a torus

T > 0

C1

C2

C3

C4

π(σ, n) =
1

ZG(q, v)

∏

〈ij〉

[

(1 − p)δnij ,0 + p(1 − δσi,σj
)δnij ,1

]

4. Identify the clusters of sites connected with bondsnij = 1.

5. SimulatePspin = π(σ | n): Independently for each

connected cluster, either keep the original spin value or flip

it (µ ↔ ν) with probability 1
2
.
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The Wang–Swendsen–Kotecký algorithm, 1989 (3)

Antiferromagneticq–state Potts model

eg.q = 4

4 × 6 square lattice on a torus

T > 0

• We have a new spin configuration and we repeat the process

as many time as needed.
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The Wang–Swendsen–Kotecký algorithm, 1989 (4)

1. The transition probability matrixP = Pbond · Pspin leaves

invariantπG,q,v for all T ≥ 0 (v ≥ −1).

2. It is ergodic for anyT > 0 (v > −1).

• However, atT = 0:

• All edges inGµ,ν havenij = 1 (p = −v = 1).

• WSK reduces to theKempe chainin graph theory.

• The ergodicity of WSK is a highly non-trivial question.

• For non-frustrated systems (q ≥ χ(G)), WSK contains

single-site moves.

Monte Carlo Algorithms in Statistical Physics – Statphys 24 – p. 17/38



Ergodicity of the WSK algorithm

WSK(G, q) is ergodic atT = 0 whenq ≫ 1:

Theorem 2 (Jerrum, Mohar) Let ∆ be the maximum degree of a

graph G, and let q ≥ ∆ + 1 be an integer. Then WSK(G, q) is

ergodic. If G is connected and contains a vertex of degree < ∆, then

WSK(G,∆) is ergodic.

Lattice ∆ WSK(G, q) ergodic for

Hexagonal 3 q ≥ 4

Square, kagomé 4 q ≥ 5

Diced, triangular 6 q ≥ 7

But ∆ + 1 > qc(L) ⇒ Disordered systems!!
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Ergodicity of the WSK algorithm (2)

Theorem 3 (Burton-Henley, Ferreira-Sokal, Mohar) WSK(G, q) is

ergodic for any bipartite graph G and any integer q ≥ 2.

For non-bipartite graphs, we know the answer only forplanar

graphs:

Theorem 4 (Mohar) Let G be a 3–colorable planar graph, then

WSK(G, q) is ergodic for any integer q ≥ 4.
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Square-lattice Potts-model phase diagram

0 1 2 3 4
−4

−3

−2

−1

0

1

2

•
•

•
•

• • •

q = 4 cos2(π/p)

v = eJ − 1

T = ∞

T = 0 (AF)

vF = +
√

qOrdered (F)

Disordered

vBK = −√
q

vPF = −2 −√
4 − q

vAF = −2 +
√

4 − q

Berker–Kadanoff phase

qc(sq) = 3
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WSK on the square lattice

• q = 2: WSK is equivalent to SW.

• q = 3 = qc(sq): The model is critical atT = 0.

• WSK(sq,3) has NO critical slowing down!:zint = 0.

[Ferreira-Sokal ’96, Sokal-JS ’98]:

• τint,M2
stagg ∼< 5 andτint,E ∼< 4 uniformly in L, T > 0.

• τint ∼< 8 uniformly in L atT = 0.

• ν = 2,
(γ

ν

)

stagg
=

5

3
,

(γ

ν

)

u
=

2

3
.

• q ≥ 4: The model is disordered at all temperaturesT ≥ 0.

• WSK(sq,4) has no critical slowing down[Ferreira-Sokal]

τint,M2
stagg ∼< 2.6 andτint,E ∼< 3.5 uniformly in L, T > 0.
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Diced-lattice Potts model

• Dualof kagomé.

• Non-regular bipartite quadrangulation.
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Diced-lattice Potts-model phase diagram

0 1 2 3 4
−4

−3

−2

−1

0

1

2

q = 4 cos2(π/p)

v = eJ − 1

b

b

b
b

b
b

b
b

b
b

b
b

b
b

b b b b b b b b b b b b b b b b b b b b b b b b b b

b b b b b b b b b b
b b b b b b b b b b b b b b b b b

b b b b b b b b b b b b b

•
• • •

• • •

•

Ordered (F)

Disordered
T = ∞

T = 0

Wu’s Conjecture’79

v
6 + 6v5 + 12v4 + 2qv3

= 9qv2 + 6q2
v + q

3

TM approach[Jacobsen-JS]

Z = [Ziff-Suding ’97]
J = [Jensenet al. ’97]
F = [Feldmanet al. ’98]

Z

J J

F

F

vc,AF(3) = −0.860599(4)

qc(diced) ≈ 3.45
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WSK on the diced lattice

• q = 2: WSK is equivalent to SW.

• q = 3: The model has acritical pointatvc = −0.860599(4),

and haslong-range orderfor v < vc.

• WSK(diced,3) has critical slowing down:

zint,E = 0.56(1).
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WSK on the diced lattice (2)

• q = 3. The critical point atvc = −0.860599(4):

• Ferromagnetic 3–state Potts model universality class.

• ν =
5

6
,

(γ

ν

)

stagg
=

26

15
.

• SW for ferro 3–state Potts model[Sokal-JS ’97]:

zint,E = 0.515(6) ∼< 0.56(1) .

• q ≥ 4: The model is disordered at allT ≥ 0.

• WSK(diced,4) has no critical slowing down

τint,E ∼< 5 uniformly in L, T ≥ 0.
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Triangular-lattice Potts-model phase diagram

0 1 2 3 4
−4

−3

−2

−1

0

1
• • • • •

• • •

q = 4 cos2(π/p)

v = eJ − 1

T = ∞

T = 0 (AF)

Solutions ofv3 + 3v2 = qOrdered (F)

Disordered

Berker–Kadanoff phase?

vF

vPF

vAF (TM)

vBK

qc(tri) = 4
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WSK on the triangular lattice

• q = 2: The system is critical atT = 0, and disordered for

anyT > 0.

• Frustration: WSK is not ergodic atT = 0 (one cluster).

• q = 3: The model has aweak first–orderphase transition

[Adler et al. ’95] at finite temperature:

vc =







−0.79691(3) [Adler et al.] (MC)

−0.796927(20) [Changet al. ’04] (TM)

• WSK(G, 3) is ergodic atT = 0 on any 3–colorable

triangulationG.

• We expectτint ∼ eALd−1

.

Monte Carlo Algorithms in Statistical Physics – Statphys 24 – p. 27/38



Autocorrelation time for q = 4,5,6

β ∼ 1/T

• Moore and Newman(’00) proved that WSK(T,4) is ergodic

on any 3–colorable triangulation ofS2 or theprojective plane.

zexp = 0.74(2)

• We expectlogarithmic correctionsatT = 0 (the height

model is at the roughening transition).

• Predictions:
(γ

ν

)

stagg
=

5

3
,

(γ

ν

)

u
= 1 [Henley ’93].
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Non-ergodicity for q = 4

Theorem 5 For any triangulation T = T (3L, 3L) of the torus with

L ≥ 2, the corresponding WSK(T, 4) algorithm is not ergodic.

The proof is based onalgebraic topology[Fisk ’73–’77].

• A proper4–coloringf of a triangulationT is a

non-degeneratesimplicial mapf : T −→ ∂∆3 ≃ S2.

−→
f

e
(α) ∈ R

q−1

α = 1, . . . , q

e
(α) · e(β) =

qδαβ − 1

q − 1
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Degree of a 4–coloring

If T is aclosed orientablesurface inR3, we can define an

integer-valuedfunctiondeg(f) (unique up to a sign):

• We choose orientations forT and∂∆3 (e.g. clockwise).

• Fix a triangular facet of ∂∆3, e.g.,

p = # faces ofT mapping tot with their orientation

preservedby f :

n = # faces ofT mapping tot with their orientation

reversedby f :

• deg(f) = p − n.

• deg(f) does NOT depend on the choice oft!!!
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Non-ergodicity for q = 4 (2)

• For any3–colorable triangulation of the torus:

• deg f ≡ 0 (mod 6) [Fisk ’73].

• Under a WSK move,deg f (mod 12) is invariant.

• There might be (at least) two ergodicity classes:

• One withdeg f ≡ 0 (mod 12): deg f = 0,±12, etc

(non-empty: it contains the 3–coloring ofT ).

• One withdeg f ≡ 6 (mod 12): deg f = ±6,±18, etc

(might be empty!!!).

They can’t be connected via WSK moves!
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Non-ergodicity for q = 4 (3)

deg f ≡ 0 (mod 12) |deg g| = 18 ≡ 6 (mod 12)

• On anyT (3L, 3L), we find two 4–coloringsf, g such that

deg f − deg g ≡ 6 (mod 12).

⇒ WSK(T ,4) is not ergodic atT = 0.

• WSK(T, 4) includessingle-site dynamics.

• This method does not tell us anything aboutq = 5, 6!!!
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Kagomé-lattice Potts model

• MedialT ′(3L, 3L) of the triangular latticeT (3L, 3L).

• T ′(3L, 3L) ⊂ T (6L, 6L).
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Kagomé-lattice Potts-model phase diagram

0 1 2 3 4
−4
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6 + 6v5 + 9v4 − 2qv3

= 12qv2 + 6q2
v + q

3

T = ∞
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vF

qc(kag) = 3

Monte Carlo Algorithms in Statistical Physics – Statphys 24 – p. 34/38



WSK on the kagomé lattice

• q = 2: The system is disordered∀T ≥ 0 [Kano-Naya ’53].

• Frustration: WSK is not ergodic atT = 0 (one cluster).

• q = 3: At T = 0, the model is “equivalent” to theT = 0

4–state AF model on the triangular lattice.

• Each 4–coloring on the triangular lattice induces a

3–coloring on the kagomé lattice.

The reverse isnot true in general on thetorus!!

• Huse and Rutenberg(’92):

• There is a height representation atT = 0, and the

height model is at the roughening transition (logs!).

• Path–flipping algorithm≡ WSK (non-ergodic?)

• Prediction:
(γ

ν

)

stagg
=

2

3
.
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WSK on the kagomé lattice (2)

• q = 3: A 3–coloring on the kagomé latticeT ′(3L, 3L) can

be regarded as aconstrained4–coloring onT (6L, 6L).

deg f ≡ 0 (mod 12) |deg g| = 18 ≡ 6 (mod 12)

Theorem 6 For any kagomé graph G = T ′(3L, 3L) on the torus

with L ∈ N, the corresponding WSK(G, 3) algorithm is not ergodic.
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WSK on the kagomé lattice (3)

• q = 4: The system is disordered for allT ≥ 0.

Theorem 7 (McDonald-Mohar-Scheide) If G is a graph with max-

imum degree ∆ = 3, then all 4–edge–colorings of G are Kempe

equivalent.

• Edge–coloring: we color the edges ofG such that all edges

incident to a vertex have distinct colors.

• The hexagonal lattice has∆ = 3.

• The 4–edge–colorings of the hexagonal lattice are equivalent

to 4–colorings of its line graph= kagomé lattice.

Corollary 8 For any kagomé graph G = T ′(3L, 3L) on the torus

with L ∈ N, the corresponding WSK(G, 4) algorithm is ergodic.
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Conclusions

• For bipartite lattices,WSK is ergodic and efficient:

• Square lattice withq = 3: zint = 0.

• Diced lattice withq = 3: zint,E = 0.56(1).

• For non-bipartite lattices,WSK is non-ergodic atT = 0 in

the most interesting cases:

• Triangular lattice withq = 4.

• Kagomé lattice withq = 3.

• Open problems:

• Invent new,legal, and hopefullyefficientalgorithms for

the above models (worm algorithm?)
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